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1 Introduction

Affine Lie algebra was discovered independently in mathematics [1] and physics [2]. The
first representations [2] were constructed with world-sheet fermions [2, 3] to implement
the proposal of current-algebraic spin and internal symmetry on the string [2]. Examples
of affine-Sugawara constructions [2, 4] and coset constructions [2, 4] were also given in the
first string era, as well as the vertex operator construction of fermions and SU(n); from
compactified spatial dimensions [5, 6]. The group-theoretic generalization of these con-
structions [7, 8, 9] and their applications to the heterotic string [10] mark the beginning
of the present era. See [11, 12, 13, 14] for further historical remarks on affine-Virasoro

constructions.

The original approach of Bardakci and Halpern [2, 4] was recently resurrected in the
general affine-Virasoro construction L = L% *J,.J, * [15, 16, 17] on the currents J, of
affine ¢*. The resulting Virasoro master equation for the inverse inertia tensor L% = L%
(and the generalization to include linear terms in J, [15, 16]) contains the Sugawara and
coset constructions, the linear conformal deformations' , and a presumably large number
of new constructions. Geometric identification of the master equation as an Einstein-like
system on the group manifold G [16] indicates that classification of all solutions will be

a formidable program.

The master equation has so far yielded two new solutions, the generalized non-
compact spin-orbit construction [2, 26, 15| with generically-irrational central charge, and
a continuous unitary solution on SU(2), [17] with ¢ = 1. Witten’s recent nested coset
constructions [27] and the unitary non-compact coset constructions with continuous cen-

tral charget [28] are also solutions of the master equation.

We report here a quasi-systematic investigation of the Virasoro master equation,
including organizational principles (Section 2), consistent ansétze (Section 3) and large

classes of new unitary solutions (Sections 4-8). In particular:

1. The space of affine-Virasoro constructions is organized by K-conjugation into affine-
Virasoro nests, so that all Sugawara, coset and nested coset constructions are in
the simple class of Sugawara nests based on the Sugawara construction L,. New

constructions LZf similarly generate new affine-Virasoro nests.

2. The expected number of solutions at level x of g shows that most solutions await

*Related ideas are discussed in [18]
TLinear conformal deformations [11, 19] unify and contain a) the c-fixed conformal deformations,

which generalize continuous toroidal [2, 20, 13, 21, 22] and orbifold [23, 24] compactifications, and b)

the c-changing conformal deformations, which generalize the Fairlie-Feigin-Fuchs construction [25].
In contrast to [28], our unitary constructions with irrational central charge, described below, work

entirely on the Hilbert space of compact groups.



discovery. The a priori relative abundance of central charge types is

irrational > rational (1.1a)
non — unitary > unitary (1.10)
irrational unitary > rational unitary (1.1c)

with continuous solutions occurring only sporadically. In fact, unitary irrational
nests on compact g are so copious in these ansatze that their number is already
approaching the number of all unitary Sugawara nests. We expect that further work
will confirm dominance of unitary irrational central charge over unitary rational

central charge on compact g.

With consistent ansatze for the master equation, we announce the following new

unitary solutions g# on the currents of g,:

1. Unitary continuous constructions with rational central charge
Cartan g; SU(2)¥; (SU(2), x SU(2),)*, = # 4 (1.2)

which we call quadratic conformal deformations. SU(2)¥ is the solution of [17].
These SL(2, R)-preserving deformations generally terminate at unitarity limits
which are Sugawara and coset constructions h and g/h, and, as discussed in the
Appendix, each of the constructions contains a continuous family of (1,0) states
across the deformation. The physical content of these examples should be com-
pared to particular c-fixed SL(2, R)-preserving linear conformal deformations [11],

where an analogous (1,0) phenomenon is familiar.
2. Unitary discrete constructions with generically-irrational central charge
(SU(Q)I);Z%; simply-laced ¢ (1.3)

which may be the dominant unitary solution type on compact g. Simply-laced g
is rational for g = SU(2), so SU(3) and (SU(2))? are the smallest manifolds on
which we have found unitary irrational central charge. The chiral constructions
(1.3), and their unitary irrational affine-Virasoro nests, should be considered for

promotion to unitary irrational conformal field theories.

All the new solutions, including the spin-orbit constructions [2, 26, 15], involve no
more than a single square root, although every case begins with a large system of coupled
quadratic equations. This indicates that the master equation is a special algebraic system,
with a deep structure we do not fully understand. A few phenomenological remarks in
this direction are included in Section 9.



2 The Virasoro Master Equation

The general affine-Virasoro construction is [15, 17]
L=L%*J. 0% [L™ L0] = (m — )L™ 4 %m(nf — 1)dmino (2.1)

with symmetric normal ordering Ty, = *J,J, £ = T}, on the currents of affine g [1, 2]

Analysis of the system (2.1)-(2.2) results in the Virasoro master equation and central
charge
Lab = QLGCchLdb - LCdLeffceafdfb - LCdfceffdf(aLb)ea

¢ =2G L% (2.3)

for the inverse inertia tensor L* = L The construction is completely general since ¢ is
not necessarily semi-simple or compact. In particular, to obtain levels x; = 2k;/1? of g;
in g = @;¢; with dual Coxeter numbers h; = Q1/v?, take

Gap = @Iklniba facdfbdc = -3 analb (2.4)

where 1!, is a Killing metric of g;. The geometric form of the master equation and central
charge [16]

Rij+g;=97, c¢=dimg—4R (2.5)
is an Einstein-like system on the group manifold G, where the inertia tensor Ly, defines
the left invariant metric g;; = e?Labe;’-: fiij is the Ricci tensor R;; plus (torsion)? terms,

R is the curvature scalar, and gl(]g ) is the left-right invariant Sugawara metric.

We remark on some general properties of the master equation which will be useful in

the analysis below:

1. SL(2, R)-invariance. The vacuum |0) of affine g satisfies

Ji=010) = T55=H0) = Wipe [0y = 0 (2:6)

abc

where W, is the three-current operator of [15]. It follows that all solutions of the
master equation are SL(2, R)-invariant with L™=710) = 0. This is particularly
interesting in the comparison of quadratic with linear [11] conformal deformations,
since the c-fixed linear conformal deformations must be at least linear-loaded to

preserve the SL(2, R)-invariant vacuum.

2. The affine-Sugawara construction [2, 4, 8] L, is

ng _ « rrdim gy

Lab =p—4— ¢, = =
2k51+QI 7 T $I+hl

g

(2.7)
for arbitrary levels of any ¢, and similarly for L, when h C g.
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3. K-conjugation invariance [2, 4, 15]. If L% and Lgb are solutions, then so is the

K-conjugate partner LofL,
L =L%— L% ¢é=c,—c, (2.8)

while the corresponding K-conjugate operator pairs L™ and L™ commute. The

coset constructions [2, 4, 9] L = L), are obtained for h C g with L = L.

4. Affine-Virasoro nests. If ¢, D g1 D ... D g1 D g and LZf is any construction with
central charge cjf on g, then repeated embedding by K-conjugation produces the
affine-Virasoro nest { L) [L¥]} on g,

n

L) [Lf] = Ly, — L(n-1) [Ugﬂ = Z(_l)nHLgi + (_1)an>
i=1
e LE] =D (1) ey + (-1, n=0,1,..,m (2.9)
i=1
associated to L) [Ljf] = L#. An element L of the nest commutes with its

nearest neighbors L;4+1) at the operator level. We will also use the coset notation
9m/Gm-1/--/91/g* for the general nest since the embedding is independent of L¥.
The simple class of Sugawara nests g,,/../g with Lf = L, contains all affine-
Sugawara, coset and nested coset [27] constructions, but there are many distinct

nests based on new Lf.

5. Vertical-horizontal structure. A two-dimensional structure emerges for affine-Virasoro
space, with subgroup nesting as the vertical direction (g above h when g D h). The
horizontal direction is the set of all constructions at fixed g, which contains the

subset of irreducible constructions
{Lf} . (Lf)(o) = Lg s (Ljf)(l) s (L#)(Q) g eees (2.10)

which are not obtainable by nesting from below. The irreducible constructions nest
upward into a cascade of solutions at large ¢g. It is important to emphasize that even
one new (Lf)(l) over all levels of arbitrary g generates a set of affine-Virasoro nests
whose dimension equals that of all the Sugawara nests. The list (1.3) of irreducible
unitary irrational constructions shows that we are already approaching this point

on compact g, and more unitary LZ?E are expected with further work.

6. Counting. The dimension of the horizontal space is estimated as follows. The
master equation on g is a set of dim g(dim g+ 1)/2 quadratic equations on an equal
number of components L = L of the inverse inertia tensor. Moding out by dim g

inner automorphisms of g and subtracting the trivial pair (L, 0), we find that

1
Nig(g) =279 —1 | e(g) = Gdimg(dimg —1) — 1 (2.11)
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non-trivial, possibly complex, K-conjugate pairs are expected for arbitrary level
of any g. The result (2.11) shows that the cascade at large g is exponential, and
evaluation on small g, e.g. Ni = 22" — 1 for g = SU(3), demonstrates that a very
large number of new irreducible constructions Lf await discovery. The number of
distinct pairs can be less than N due to degeneracy and/or physical identity of

constructions. The a priori relative abundance of solution types is given in (1.1).

7. Unitarity. Each K-conjugate pair is either unitary or non-unitary with possible

—m) when

unitary subspaces 9. Unitary constructions are recognized by L™t = L(
the currents J(™T = J(=™) act in a positive-definite unitary representation of g [9],

which is satisfied for real L* on compact g.

8. Spectrum. Partial spectral results are obtained for general L® *.J,.J, * via the
highest weight construction given for g, h and g/h in [12]: if {R{r)} are the known
quantum irreducible representations of affine g with matrix representation {7},

LI, Ry = Ry (Ta) S (2.12)

a

then the states formed with the highest non-vanishing modes r(0) of R,
|Ax) = R ) |0)xiae,  L(TTy) " xomr = Darxim (2.13)

are Virasoro highest weights of L% *.J,J, *. The conformal weights Aj; are the
eigenvalues of the effective Hamiltonian H = L®T,T;,. There is an easy explicit
version of the unitarity argument [9] in this case. When L% is real on compact g,
we have hermitian H, real Ay, and unitary x, so the states {|Ag)} in (2.13) are
unitary transformations of the affine highest weight states { R/ |0) } of g. Positivity
of the space {|Ap)}, and hence Ay, > 0, follows from positivity of the unitary
affine highest weight states.

3 Consistent Ansatze for the Master Equation

The numerical equality of restrictions and unknowns in the master equation, and hence

the solvability of the system, reflects closure under OPE of the operator subset { L*T,;,, VL*®}.
Similarly, a consistent ansatz {L®(ansatz)} C {L*} for the master equation is one that
maintains numerical equality of equations and unknowns, indicating closure of the oper-
ator subset {L%®(ansatz)Ty}.

§ As examples, non-compact coset constructions and the non-compact spin-orbit constructions (¢ = —1
in [15]) are quasi-unitary (non-unitarity controlled by signs of the Killing metric), and this class often

admits unitary subspaces [2, 4, 26, 28]



We discuss consistent ansétze for level z, = 2k/ wz of g simple and compact in the
Cartan-Weyl basis, for which

Gab =kNap , MaB =048, Nap = 0at50 (3.1a)
ana:fa —aA:_iO-/A ) fa,@,y:_iN’7<aa5) (31b)
N’Y(a7ﬁ) = N—ﬁ(_’yv Oé) = _N—’Y(_av _ﬁ) (316)
Z@A@B = anAB ) Z N3(B,7) = Qg — 20 (3.1d)
o Bty=a
with A/B = 1,---,rank g and «, 3,7 are roots of g. The general affine-Virasoro con-

struction takes the form

L= L""Tup+> L*T,5+2> LTy, (3.2a)
AB af aA
=2k LA+ > L) (3.20)
A «

and we require for unitarity that
LAB — LBA — real ’ LAa — LaA — (LA,—a)* ’ La,@ — Lﬁa — (L—a,—ﬁ)* (33)

so L%~ Va is real. Among the dim g inner automorphisms, the unitary transforma-
tion exp(i Y4 ¢AJ1(40)) further allows the choice of rank g phases in {L*% LA}, and we
explicitly choose L** = real, Vo for SU(2)¢ x U(1)P subgroups below.

The simplest consistent ansatz is entirely on Cartan ¢ with only LAZ £ 0, so that the

master equation simplifies to

LAB =2k 1A9LCP (3.4)
C

with no root operators included. There are at least two other ansatze intermediate

between (3.4) and the full master equation.

The ansatz on which we focus below involves only the components {LAZ, L#*°} in

L= LYTap+> (2L7*T,_, + LT, + (L*)*T_,_,) (3.5a)
AB p>0
c=2k(> L +23" LrP) (3.5b)
A p>0

for some subset of roots {p} of g. The set {p} always includes —«a for unitarity when

a € {p}. The necessary condition that no root-quartet of {p} satisfy

04"‘5:73“(104_6:57 a7ﬁ7775€{p} (36)



is obtained on substitution of the ansatz into the master equation. This condition is

satisfied by the roots of simply-laced g and the master equation takes the form

LAP =2k LACLOP 3 (IL77)2 = (LP77)2)ppP + > Lo pCL“pP) (3.7a)
C p pC

LPP 1L —4kLP™? —dx,—2 > LP7PN2(a,B)| = > L*L’N(a,3)  (3.70)

abiep aHiep
=P — 2 2 2 ,—pP)\2 — B,—B\ 7 a,—a \T2
LomP = 2(k — p”)[LP*[* +2(k + p°) (L"7°)" + % (2L777 = L7 P)L* "N (e, B) (3.7¢)
a+pB=p
Xp =3 LAPp"p", (3.7d)
AB

after some algebra in this case.

Another consistent ansatz keeps LAZ, L £ 0 for root subsets {p} which satisfy
a+ 3 # vy and hence a- 5 =0, o, 5 € {p}. The master equation in this case

L _2kZLACLCB+Z‘Laﬁ‘2 AﬁB+ZLa -« CLC(A B) (38&)
afl aC
L= S L% + B+ 9] = Sk — (a - B) - DLYLP (380)
AB P

is a more general description of any (SU(2))? x U(1)? subgroup of g.

The intersection of the ansétze (3.7) and (3.8) is the simplest starting point beyond
the Cartan ansatz (3.4). We define a restricted SU(2)? x U(1)P subsystem by keeping
only LAB [P£r £ () for {p} any subset of the roots of SU(2)? x U(1)P, so that a =43 # 7,
a-B=0,a,3€{p} Then (3.7) may be written for k # p* as¥

A _2kZLACLCB+Z — 44X, (29 P2 p+ZPCLC ApB)> (3.9a)
750 2k k—p
_ 1 1 k+ p?
LFrr=—(1-4 Lrr)? 1—-4 1+ ——-4 9b

where we have solved (3.7b)-(3.7¢) to obtain L*** # 0 in terms of LAZ. Only the simple
system (3.9a) on Cartan g need be solved in this ansatz, and exceptional cases with

k = p? are examined separately with (3.7).

The same set of equations (3.9) describes a collection of submanifolds as follows: Any

solution of (3.9a) for fixed values of

Q = order(LAP) = rank(SU(2)* x U(1)") = q+p (3.10a)

IThe derivation of (3.9) from (3.7) chooses L*~* = 0 (rather than the Sugawara value L&~* =
(k + a?)71/2) when LY = 0, so (3.9) is K-conjugation invariant only for R = dim{p > 0} = ¢q. The
conjugate partner L = L(SU(2)? x U(1)?) — L of any solution L of (3.9) solves (3.7) on SU(2)4 x U(1)P
for all R <gq.



R=dim{p>0} <qg<@Q (3.100)
applies uniformly over the (@, R) space of submanifolds
(Q,R): SUR)“ ™" xUML)", n=0,1,---,Q—R (3.11)

with dim(Q, R) = Q — R+ 1. Only the simplest case, SU(2)? with Q = R = ¢ (all roots
in play) is studied explicitly below, although a further remark is included at the end of
Section 7.

4 Cartan g7

The general solution of the master equation (3.4) on Cartan g is
1
LY = =3"0%0%%0, c=> 04 (4.1)
2k < 1

with Q € SO(rank g) in the adjoint and 4 = 0 or 1. This solution, Cartan g7, and its
K-conjugate partner g/Cartan g% with central charge ¢, — "4 64, are our first examples

of quadratic conformal deformations: Cartan g# contains
N =c(rankg—c¢), c¢=1,2,--- rankg (4.2)

continuous parameters for arbitrary level of simple g.

Continuous spectrum is verified for simple highest weight states of Cartan ¢”. E.g.,
the results

“U)0), A, z, ! Z Zosz O R (4.3a)
Ta5”10), Das 12 Z a+ PP LN, a+B#£7,0  (4.3b)

are obtained for fixed roots a, 3 of g with the commutation relations of [15]. We also
computed the Cartan SU(3)# splittings of the quantum irreducible representations 3, 3
of SU(3),, obtaining the conformal weights

! —((cos ¢ +V/3sin¢)?, (cos ¢ — V/3sin¢)?, 4cos® p) (4.4)

Al = 1) = -

from (2.13) with the Gell-Mann basis T, = Va2, /2 and ¢ the angle of (.

The structure of Cartan ¢g# will recur below in the following connections:

1. The full master equation (2.3) for simple compact g degenerates at high level into

an analogous system

1
L%~ 2k L*L? ~ o7 > Qw0 0., Qe SO(dimg) (4.5a)



limc=0,1,---,dimg (4.5b)

k—oo
when the high level behavior of the components is L® = O(k~!). All Sugawara
nests and all the new constructions below (except SU(2)¥, (SU(2)y x SU(2)3)#)
fall in this class .

2. The vertex-operator construction [5, 6, 7] implies that
To o= a2ataPTyp Top=0, a-3>0 (4.6)

for level one of simply-laced g. These identities underlie the equivalence L(g;) =
L(Cartan ¢1) [5, 29, 13] and imply here that all new constructions on the operator
subset {Tap, Tw+o} Will degenerate to Cartan g# for level one of simply-laced g.

This remark applies to all the new solutions below.

5 SU2)7

The single root subansatz
LAP = Xata? | a>0 (5.1)

in (3.9a) is only a basis choice for SU(2). The resulting single equation for the parameter
A

Mk —202)(1 -2 a?(k+a?) =0, k#a? (5.2)

shows a continuous solution at k& = 2a?, in agreement with [17], and there are no other
new solutions in the system. The full solution L¥(\) obtained from (3.5b),(3.9b) and
(5.2) is

a,—a 1 4 a2 1 4 4
1 1
< 4 < — = 2 = .
T Ao < 1 k=2a", c=1 (5.3b)

with n = £1 the sign of L**. The unitary range in (5.3b) is decided so that L** is real,
and the solution is non-unitary outside this range. We call the unitary solution SU(2)¥

since it has intrinsic level x = 2k/a? = 4 when measured by its own root.

SU(2)¥ is closed under K-conjugation on the SU(2) submanifold

LFN) = L(SU(2), k = 20%) — LF(\) = L# (—— — \) (5.4)

n n 60[4

IThe distinct asymptotic master equation L*G.qL% ~ 0 governs the high-level behavior L% =
O(kY), y > —1. It follows that this class contains only non-compact (or non-unitary) constructions,
such as the spin-orbit construction [15] with y = —1/2. We have not analyzed the asymptotic central
charges of this class beyond the spin-orbit construction, for which ¢ approaches integers and half-integers

between 0 and dim g.



which shows that K-conjugation in this case is reflection about the center, Aa* = 1/12,
of the continuous range plus a sign change of L**. The endpoints of the deformation
are known constructions, SU(2),/U(1) at A\a* = —1/12 and U(1) at Aa* = 1/4. There
is another U(1)', SU(2),/U(1) pair at the quarter-points Aa? = 0,1/6, and a countable

set of points in the interior at which the coefficients are rational.

Generically continuous spectrum of the deformation is verified for the highest weight
states corresponding to the quantum irreducible representations j = 1/2, 1, 3/2 and 2 of
SU(2)4. The eigenvalue problem (2.13) in this case is the completely asymmetric SU(2)

top for these spins and, e.g., the conformal weights

AG=1) = é (2(1 —4ra?) | 14400 £y /(1 — 4hah)(1 + 12)\a4)) (5.5)
are obtained for the L# splitting of spin one. The weights corresponding to j = 3/2, 2
are also continuous and totally split , while A(j = 1/2) = 1/16 is independent of the
deformation. This spectral data suggests that SU (2)f is a chiral version of the line of
Zs orbifold models at ¢ = 1, where the two primary fields with fixed dimension 1/16 are
the twist fields of the orbifold line.

The construction is regular-embedded along with g/SU (2)7, ¢ = ¢y — 1 at levels

(5.6)

xz

o {2,4 for SO(2n + 1), Sp(n), Fy

= r— =
g (05 4 other g

across all simple g. Other affine-Virasoro nests of SU (Q)f include irregular embeddings
* and semi-simple embedding such as SU(2),,, x SU(2),/SU(2)% ._,.

6 (SU((2)x SU((2)*
The two-root subansatz in (3.9a)
LAB = N oo 4+ X528 + N38468, a,8>0 (6.1)

with a + 0 # 7, a- § = 0 is a basis choice for SU(2) x SU(2). It gives

Aok —207)(1 = 2000 (k + %)) = 2k(k — o®)\2 557 (6.2a)
As(k = 26%)(1 — 2X%(k + %)) = 2k(k — 5°)\2 30° (6.20)
g (2k — o = B2 + 4[Aa0? (0" — k) + NgB* (8" — k?)]) = 0 (6.2¢)

for k # a2 or 3% on substitution in (3.9a). We factor out (SU(2)¥)? by requiring Aoz # 0,

which linearizes (6.2¢).

**The particular case SU(3),/SU(2)¥ is included in Cartan SU(3)%.
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When o? = 32, this system has a continuous solution for all k¥ # a?, 2a2. With A\,

the deformation parameter, we obtain the eight solutions L, (\a)

1 Ao (b —202)
M= — A, Aog= oo (1= 2000 (k + o 6.3
A 20%(k + a?) P el 9ka?(k — a2)( o’ (k +a7)) (6.3a)
1 1 (k—a?
Lo = — (1 — 4\ 8= 4Nt .
(1 Aat) 0 <k+a2+ )\aa> (6.3b)
1 k+ a?
o2 _ (78,82 _ 4 4

from (6.2) and (3.9b), with {n} = (9a,ns,Nap) the signs of L** LPP and A\,3. The

following unitary ranges

1 1 1 1

k= -a? 0<dpa' < — ., =< Aot <=
2 12 7 4 3

F=2a? 0~ caat<0, L<aat<t (6.4)
2 20 "% T 577 T4 ’

1
k:£a2,x>5 0 < Aa* <
2 x+2

are then determined from the squared relations in (6.3a,c), with # = 2k/a? the intrinsic

level. The result for the central charge

3z

C= ——
T+ 2

, x#£24 (6.5)

is uniform across the series, which we call (SU(2), x SU(2),)#, = # 2, 4.

The construction is closed under K-conjugation on the SU(2) x SU(2) submanifold

Li(A\a) = L(SU(2), x SU(2).) — L (Aa)

n n

) (6.6)

_ L# o )\a)’

T
which maps between disconnected ranges in (6.4). The endpoints of the deformation are
coset constructions on the currents of SU(2), x SU(2), of the type SU(2), x U(1)/U(1),
each endpoint involving different SU(2)'s and U(1)’s in this case. With (2.13), we verified
continuous behaviour of the L# conformal weights corresponding to (0,3), (3,0) and
(3,3) of SU(2), x SU(2),. The construction (SU(2), x SU(2),)#, « # 2, 4 has the central
charge of SU(2),, so its physical content should be compared to the one-parameter torus
deformations of SU(2),.

The simplest affine-Virasoro nests of (SU(2), x SU(2),)* are L* and L, — L* at

levels

y {2, 4 of SO(4),S0O(5),Sp(2) and rank g > 3 (long roots)
Lyg

6.7
1,2 of Sp(n > 4) (short roots) (6.7)

11



across simple compact g.

In this case, there are also new deformations at the exceptional point k = o? (z = 2)

which complete the series
(SU(2)z x SU(2).)* , «#4 (6.8)

as announced in the Introduction. Choosing A,z as the deformation parameter, we find
sixteen unitary solutions Lj;i()\a/g, 0,) = (SU(2)2 x SU(2)2)*,

0, 1-96,

1
M2 2 8 —p _
(Lpp) = 16@4(1 — 16)\apa ) s LP P = @ y p = 4@4 (69(1,)
1 1 1
—— < Mgt < = =1+ (0, ,
1S Aaga! <50 e=14 (0 + 0p) (6.90)
with p = {«, 8}, 1, the sign of L*” and 6,, 63 = 0 or 1. The relation
L¥ (Aag,0,) + LT, (= Xag, 1 — 0,) = L(SU(2)2 x SU(2)s) (6.10)

shows closure of the level two construction under K-conjugation. The endpoints of the
deformation are identified as various U(1)’s, SU(2) x U(1)/U(1)" and
SU(2) x SU((2)/U(1).

With (2.13), we have computed the L# conformal weights

1440,
16 7

1—{—93
16

A(1/2,0) = A(0,1/2) = (6.11)

corresponding to these spins of SU(2)¢ x SU(2)5, and verified that A(1/2,1/2) is contin-
uous. The physical content of the constructions with ¢ = 1,2 should be compared with
toroidal and orbifold models, while the construction with ¢ = 3/2 should be compared
with the line of theories Z5 orbifold x Ising fermion, where the fixed dimensions (6.11)
correspond to the spin fields of the fermion, the twist fields of the orbifold, and their

products.

7 (SU(2))%

The q-root subansatz in (3.9a)

q )\1,
LA =% = Pfﬂf , A =Nji s picp=0ipi , pi>0 (7.1)

=11/ PiP;

is an appropriate basis for (SU(2))?, but we discuss only the case p? = o for simplicity.

The system (3.9a) on Cartan g becomes

Xii(k = 20°) (1 = 2Xii(k + o)) = 2k(k — o?) Y N, (7.2a)
J#i
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Nij(k = a®)[1=2(k+ o) (N + X)) = 26> D XAy » 1 #£ 7 (7.2b)
m%#i,j
for k # o with y; = a® ;.
At this point, we study only the further subansatz with the highest possible symmetry
among the roots,

q>2: Ni=Aa, Vi Ag=(=1)OT0N, ik N #£0, (7.3)

where 6(i) = 0 or 1, i = 1,..,q. The system (7.2) degenerates to the pair of quadratic

equations
Aa(k —20%)(1 = 2)(k + a?)) = 2k(k — a?)(qg — 1)\ 74
Ao(k = a®)(1 = 4Xg(k + a?)) = 2k*(q — 2)] |

one of which is linear for A\, # 0.

We obtain the family of discrete solutions

LAP (Adel PP Ao Z o0 Apf) (7.5a)

1#]
e — 41[{:(1 _argad) , (L) = 161k2 (1= 40ga?)(1 + 4y Z )
a?—k
)\d:m(l—i—nF) : )\O:nFm (7.5¢)
g _ (¢ - 2%z — 4) :
= 2(z +2) Br -4k, F = [q%?’(a: —4)+64(q— 1)(z — 1)] (7.5d)

where n = +1 and x = 2k/a? is the intrinsic level of each SU(2). The signs of {L**}
may be chosen independently, and the set, which is closed under K-conjugation, contains
224 solutions. The central charge in (7.5d) is generically irrational across the family,
although it asymptotes to correctly-bounded integers ¢+ 1,2¢q — 1 at high level, in accord
with (4.5b).

3

The solution is also generically unitary, with (SU(2),)?, = 1, 3 the only non-unitary

points. Rational unitary points are as follows: ¢ = 2 is a point in (SU(2), x SU(2),)#;
level four is a point in (SU(2)¥)?% (SU(2)1)2* with ¢ = 1, ¢ — 1 and (SU(2)3)* with
c = 3, 21/5 are identifiable as points in Cartan ¢g# and g/Cartan g# for these groups;

finally, the exceptional case x = 2 contains known h and g/h.

This leaves the unitary generically-irrational family
(SU(2)a55)5°, (SU2)3)4°, ¢>3 (7.6)

which we call (SU(2), )‘P?’ The central charge

c((SU(2)5)%) = i (1 — ; 15’37) ~ 3.1551 (7.7)

13



is the lowest irrational value in the construction.

Study of subansitze with lower symmetry than (7.3) may produce further new con-
structions on (SU(2))? and will also determine whether any part of the construction (7.5)
is continuous. Continuous solutions are unlikely for irrational central charge since the

previous deformations included points of h or g/h.

We close this section with a few remarks on (SU(2))? x U(1)P. The appropriate basis
in (3.9a) is
Q
LYY = Z)‘UPQAPJB , i Ty =4y (7.8)
1,J
with I['; = a;/\/a?,i=1,2, -, qthe positive roots of SU(2)? and D, i=q+1, -, q+p=
@ the basis of U(1)?. We are also free to choose the number R = dim{p > 0} of root
pairs for which LA*? # 0 in (3.9a). It is clear from the basis (7.8) that a single (Q, R)
set of equations (3.9) applies over the (@, R) space of submanifolds (3.11).

The simplest example beyond our previous work is the space (@ = 2, R = 1) which
includes both SU(2) x U(1) and SU(2) x SU(2) with one root pair L**® £ (0. The
system for this case has continuous solutions on SU(2); x U(1); and SU(2); x SU(2)s,

which, being level one, are equivalent to constructions on Cartan g7.

8 Simply-Laced ¢*

For simply-laced g we have

5 B 2
dimg = (h+Drankg, > 1 =2h—=2), NX(o,f) = % (8.1)
a+0=y

so that all terms in the consistent ansatz (3.7) are known. We explore simply-laced g

only in the maximally-symmetric subansatz

LAB = \p™* ZpApB = \p 2ho4PB (8.2a)
o

LA = p2 L real , ¥p (8.20)
for which L = p_Q()\iL YaTaa+Ly Y, Ty+L_%,T,_,) is the corresponding operator

construction. The coupled system

A1 —2h\—2hL_ ) = L[> — [* (8.3a)
Lo(1=2(x+h—2)L_ —4h\ — (h—2)Ly) =0 (8.3b)
L = (z—2)L% + (z+h)L2 (8.3¢)
c=xhrankg(\+L_) (8.3d)
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is obtained on substitution into (3.7). Linearization of (8.3b) for L, # 0 leads to a

quartic equation whose four solutions are as follows.

The first K-conjugate pair of solutions

A:O,L,:;,h:ﬁ; (8.4a)
h+2(x—1) h+2(z—1)
. _Shrankg (8.4b)
h+2(x—1)
A:%,L_: . vz ,L+:~; (8.4c)
h(h + z) (h+x)(h+2(x —1)) h+2(x—1)

. w(x —1)(h + 2)rank g (8.4d)
(h+z)(h+2(z — 1)) '

has rational central charges. The level one solution in (8.4c)-(8.4d), with ¢ = 0 for all g,

reduces to L = 0 on application of the level one identities (4.6).

These constructions are unfamiliar but not new. To see this, note that the operators
{i(Ey — E_y), Ya > 0} in g (not necessarily simply-laced) generate a subgroup h C g
such that g/h is a symmetric space with dim h = dim®, (g). This is the symmetric space
with maximal dim g/h at fixed g. The first solution (8.4a) is expressed in terms of these

operators as
-2

IO * 2 *
Ly=—+—"—— (E,—E_,)" 8.5
n h+2(1’—1)p2>% (B, — E-y) (85)

and it is not difficult to check that this is the correctly-embedded Sugawara construction
for the subgroups A in the complete list of symmetric spaces

SU(n)a SUB)e  SU(2)a

S0 "ZY s, T,

(8.6a)

S0(2n), (Be)a  (E7)o (Es)x
S0(n)e x SO(n), * Sp(4). ~ SUB)s * SO(16),

with maximal dimension across simply-laced g. The K-conjugate solution (8.4c) is there-

(8.6b)

fore the set of corresponding coset constructions for g/h.

The second K-conjugate pair, which we call simply-laced g7,

1 - -
A= ——=——[1—nB Y2h* 4+ h(4 — z) — 22* + 10z — 16 8.7
oL~ 7B @R+ A4 —2) - 227 + 102 - 16) (8.70)
1 -
_=——[N+nB Y xh—6x+16)], Ly = —nB Yz —4 8.7b
UL N Le=—nBa—4)  (87)
ka -~ - -
c=TI G 1 4 BT (R (x — 2) + h(12 — 5a) + 222 — 10z + 16)] (8.7¢)
2(h + x)

B = \/h2a? + 4h(z® — 1322 + 40z — 32) + 4(z* — 102° + 4122 — 802 + 64)  (8.7d)
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(n = +£1) is unitary with generically-irrational central charge across all levels of simply-

laced g¢.

The operator form of the construction

~ 1
L=p? (MY Tas+ §(L+ — L)Y UE,—E_,)? i+
A p>0
1 " ”
+ §(L+ +L)Y UE,+E,) *) (8.8)
p>0

shows complete symmetry among the roots of g, according to the ansatz, but asymmetry
among the h and Cartang + R = g/h components of the symmetric space. Similar

structure on symmetric spaces was seen in the spin-orbit constructions [15].

Simply-laced ¢# is rational for SU(2),, SO(4), and also for = 1,2, 4 and for h = 2n,
x = n+3. All these points may be identified with known h and g/h as above. The lowest

irrational central charges of the construction are found at level three,

c(SU3)F) =2 (1 - \/17_?)) ~ 1.7659 (8.9q)
c(SO(6)¥) = ﬁ (1 - 5\2) ~ 2.7597 (8.9b)
c(Ee)¥) = 359 <1 — 1;\;%) ~ 5.8729 (8.9¢)
(B = 129 (1 — 191%9_7> ~ 6.9054 (8.9d)
c((Eo)¥) = 11214 ( — J%) ~ 7.9374 (8.9¢)

and the central charge of SU(3)¥ in (8.9a) is the lowest irrational value we have found.
More generally, the central charges in (8.7¢) increase irrationally with x and rank g at

fixed 1, and approach correctly-bounded integers at high level

+n

1
lim ¢ = dim ®,(g) +

k—o0

rank g (8.10)

as they should according to (4.5b).

We also remark on the irrational conformal weights A = ¢/6x of SU(3)#, computed
with (2.13) for the 3 or 3 of SU(3),; these weights apparently lie in a general family of
one fermion conformal weights A(one fermion) = ¢/2¢(free fermions) derived for fermionic

Sugawara constructions in [12].

This completes the study of the maximally-symmetric subansatz (8.2) for simply-laced

g in (3.7). More general subansétze are obtained as follows. A convenient basis in (3.7)
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is L7 =3, Njaial with {oy, @ = 1,2,---,rank g} the simple roots of simply-laced
g. General analysis of (3.7) proceeds with the Cartan matrix of g. Subansétze with the
symmetry of the Dynkin diagram of g are automatically consistent: as an example, the

« < (§ symmetric subansatz for ¢ = SU(3) in (3.7),
LA = N (aaP + BAB5) + Aopa '8P | a,3>0 (8.11a)

L8 = (L) | LPP = L7 D =peal , a+ B =17 (8.11b)

gives five coupled quadratic equations and a linear equation when L? #£ 0.

9 Discussion

Our excursion into affine-Virasoro space has been successful. The master equation is so
far analytically tractable, and there is every indication that the growing list of irreducible

analytic unitary constructions
Cartan g*; SU(2)¥; (SU(2), x SU(2),)*, x#4; ...

(SU(Q)x)gf‘g; simply-laced g% ; ... (9.1)
is only the beginning of a much larger picture.

We are impressed with the abundance of unitary constructions in these ansatze, which
augurs the possible dominance of irrational unitary over rational unitary solutions on
compact ¢g: the quadratic deformations are non-unitary outside their indicated ranges and
four discrete non-unitary points were found on (SU(2))3. Indeed, the pair of constructions
on (SU(2)3)? with ¢ = (1 —in/+/39)27/10 is the only non-unitary irrational construction

encountered.

Our work here was primarily within the operator ansatz {Tap, T, +,} of (3.7), and
we studied only maximally-symmetric subanséitze for the larger groups. The {Tap, Tus}
ansatz (3.8) for SU(2)? x U(1)P remains essentially unstudied, and we have indicated
subansétze with lower symmetry within {T4p, 7T, +,} for future study. It is also likely
that other consistent ansatze can be found, involving, for example, the operators T4,

which appear in the spin-orbit construction.

All new solutions of the master equation, including the generalized spin-orbit con-
struction, involve no more than a single square root, although every case began with
large systems of coupled quadratic equations. This surprise indicates a deep structure in
the master equation which we do not understand beyond the following phenomenological

remarks:

17



1. K-conjugation invariance on a given manifold G effectively reduces a (2n)"-order

algebraic equation to n'" order, as seen in
n R n 1
0= 16— 2o —70) = [[(( = 52)° — (ra = 52, (92
a=1 a=1

when z, + 2, = x,. As a result, subsystems of up to three coupled quadratic

equations can be solved analytically.

2. The role of K-conjugation from submanifolds of G is more important. The high
order of the equations on a given manifold GG, and the exponential growth of Nk (g)
in (2.11), is partially explained by affine-Virasoro nests from submanifolds H C G.
The deficit on G is the set of irreducible solutions Lf on (, which are obscured
by the nesting from below. The phenomenon is that nesting has so far provided
enough rational solutions, and other known solutions, on each manifold to further

factor the ansatze down to a single quadratic equation for each new L#.

The existence of these new constructions opens a variety of other directions. One
direction is to find the af fine-Virasoro master action for all solutions to the master
equation, generalizing [30] for the simple coset constructions. Another direction involves
alternate routes to further ¢ > 1 theories, such as generalized Feigin-Fuchs constructions
[11]. An idea here is to begin with infinite-dimensional unitary representations of non-
compact groups with complex spin (e.g. the j = —% + i) representations of SL(2,R))
and raise ¢ by adjusting imaginary c-changing deformation parameters to obtain real

conformal weights.
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Appendix: Quadratic Deformation Operators and (1,0)
States

A general quadratic conformal deformation is a continuous family of affine-Virasoro op-

erators L%(\) *J,J, * whose coefficients solve the Virasoro master equation [15, 17]
2L%(\) = LN LY (N Reges™ , c(N) = 2G o L (N) (A1)

with \ a set of continuous parameters. The K-conjugate partner L of L is well-defined
by
LN+ L) =L, , ¢\ +éN) =c¢, (A.2)

since the Sugawara construction L, is not quadratically deformable by the currents of g
[15].

Any solution of the linearized master equation’! about the point A
FP(N) = 6NV L () R (A3
defines a quadratic deformation operator 6*°(X\) *J,Jy & of L(\) such that
L4 6X) =~ LN +6(\) , c(A+8)) =~ c(A) +6c()) , de(N) = 2Ga0" () (A4)

is also Virasoro in a neighborhood of A\. Moreover, according to (A.2), the operator —d(\)
is automatically a deformation operator of L(\) with 6¢(\) = —dc()\). The commutator

of the Virasoro operator L™ ()\) with its deformation operator 6 (\)

LI (), 6 ()] =5 g6eA)m(m® = 1)+ glm, m) M ()0

(A.5a)

F 5 (m =) (A) 4 N
M) = L)) Quie® > NI = LPON0 N Spea™s, (A5
q(m,n):é(m—i—n—l—l)(m—l—n—irZ)—;(m+1)(n—|—1), (A.5¢)

follows with (A.1) and the OPE of [15], where the tensors @), S and the three-current

operator Wy, are also defined.

It is instructive to translate this commutator onto the state

[5(A)) = 6(0,A)[0) = 8" (N)]0), 8(2, 1) =D 8™ (A)z" 2 (A.6)

fSolutions of the linearized master equation (A.3) correspond to metric deformations dg;; (about a
metric g;;) which solve the linearized Einstein equation (5Eij + 0g;; = 0 in the geometric formulation
[16].
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created by the deformation operator on the SL(2, R)-invariant vacuum. The result

LOMIS)) = 1508) + 5 MA0)TE2]0) (A.Ta)
LOM)5(N) = M) o) (A.Th)
OB} = 30eN]0) . L™ (N)[5(0) = 0 (A7)

is obtained with (A.5)-(A.6) and the vacuum structure (2.6). No c-changing quadratic
deformations (dc # 0) have yet been found, and, in fact, all the deformation exam-
ples (Cartan g#, SU(2)¥ and (SU(2), x SU(2),)#, x # 4 ) of the text realize only a

particularly interesting special case of the generic relations (A.5a) and (A.7).
Using the explicit form of L(\), 6(\) in each case, we have verified that
de(A) = M*(N) =0 < [L7"=7(A) = 0mo][6(1)) =0 (A.8)
in all the examples, so that |§(\)) is a (1,0) Virasoro highest weight state of L(\) through-

out each of the known quadratic conformal deformations.

A simple example of this phenomenon is easily checked as follows: The endpoint
theories Aot = 1/4, —1/12 of SU(2)¥ are L = Ty3/2k and L = L(SU(2),) — L at = = 4,
where the deformation operator § = OL# /OX reduces to § ~ T,,. The relation (4.3b) of
the text shows that the state T.(-?|0) is Virasoro highest weight of L and L with

Apo =2— ANy = 4 (A.9)
x
for any level z. It follows that T(-?[0) is a (1,0) highest weight state of both L and L
when = = 4, in accord with (A.8).

Conversely, states satisfying (A.7) or (A.8) correspond directly to deformation oper-
ators satisfying (A.5a) or

(LM (X), 6™ (V)] = ;(m — n)3E(A) + NP ()W e (A.10)

a

when §(=2()\)|0) is (1,0) across the deformation. The W-term in (A.10) is not generally
zero. According to (A.10), the deformation operators which create the (1,0) states are

not (1,0) primary fields of L()), the term “3(2,0) operators” being more descriptive.

The (1,0) phenomenon (A.8) further motivates physical comparison of the quadratic
deformation examples with particular c-fixed SL(2, R)-preserving linear deformations
[11), where the analogous (1,0) states across the deformation are DAJ{™|0), A €
Cartan g.
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