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Abstract

N=2 superconformal invariant theories are studied and their general structure is analyzed.
The geometry of N=2 complex superspace is developed as a tool to study the correlation func-
tions of the theories above. The Ward Identities of the global N=2 superconformal symmetry
are solved, to restrict the form of correlation functions. Advantage is taken of the existence
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minimal system is analyzed and its two-, three-, and four-point functions as well as its operator
algebra are calculated explicitly.
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1. Introduction

Recently there has been a lot of progress in understanding 2-d critical phenomena from the

quantum field theory point of view, [1]

A statistical system at the critical point is scale invariant and, in two dimensions, it has
been proven that, under mild assumptions, it is invariant under the full conformal group which
is infinite dimensional, [2]. B.P.Z., in ref. [1], laid the foundation of 2-d conformal field theory.
Their techniques have been proven very powerful in analyzing the structure or conformal field
theories, and in answering questions like, what is the representation content of a given theory,

what is its operator algebra, how can one calculate exactly correlation functions, and so on.

Conformal theory in two dimensions attracted also a lot of interest because it gives a nice
natural framework in formulating (super)string theories, which are supposed to be candidates

for a unified theory of nature, [3].

Conformal invariance puts severe constraints on the structure of a theory. By restricting
the unitary representations of the conformal group, one can classify all possible anomalous
dimensions that can appear in two-dimensional critical systems. In particular, for ¢ < 1, (cis the
anomaly of the conformal algebra), there exists only a discrete list of values of ¢ corresponding to
theories which are unitary, (i.e., theories that do not have negative norm states in their Hilbert
space), [4]. The first few of these theories have been identified as well known statistical systems,
without continuous symmetries, the Ising model, (¢ = 1/2), the Z3 Potts model, (¢ = 4/5), the
tricritical Ising model, (¢ = 7/10), and the tricritical Z3 Potts model (¢ = 6/4). Knowledge of
the structure of these theories allows one to better understand the universality classes of critical

behavior.

This subset of conformal two-dimensional field theories contain some special representations,
(the so-called degenerate representations), the presence of which renders the theory exactly
solvable, in the sense that all correlation functions satisfy linear differential equations, so that,

in the worst case, it is up to a reasonable computer to evaluate them.



A natural extension of conformal invariance, inspired by attempts to construct fermionic
string theories, has been its extension to include supersymmetry. Supersymmetry, so far, al-
though having appealing theoretical advantages, has been elusive , despite a lot of both theo-

retical and experimental efforts to give some clues supporting its existence.

It was surprising that the first example of supersymmetry observed in nature, came from
a two-dimensional critical system, the tricritical Ising model, [5], realized experimentally by

adsorbing helium on krypton-plated graphite, [6].

Superconformal invariance proves to be very fruitful also in the formulation of (super)string
theories, where superconformal techniques are indeed valuable, making a lot of problems, which

otherwise are difficult to tackle, almost elementary, [3, 7, §].

A natural extension of N=1 superconformal invariance is to include an extended super-
symmetry, giving thus rise to N=2 superconformal invariance. There has been considerable
activity recently on this subject, [24,9,10,11,12]. The Ka¢ determinant has been calculated by
several authors and it was used to study the irreducible unitary representations of the N=2

superconformal algebra, [9, 11]. The characters of the algebra have also been calculated, [12].

One might wonder about the utility of an extended superconformal algebra. There are

various reasons explaining why there is such an interest.

First, the N=2 superconformal algebra is the gauge algebra of the U(1) string, [13], which,
despite its phenomenological insignificance, is a good toy model to try techniques pertinent in
string theories, both first and second quantized. From the point of view of superstring theories
there is a need for N=2 superconformal invariance in the associated non-linear o-model on
a compact Ricci flat manifold, to ensure N=1 supersymmetry in four dimensions, [14]. We
need supersymmetry to be exact after compactification and non-perturbatively stable. There
is a serious hope that N=2 superconformal techniques will provide useful tools in disentangling

various questions pertaining to the nature of different possible compactifications.

Another reason is that N=2 invariance might be relevant in some critical statistical systems.



Such an example has been given in [15], where it was shown that the O(2) Gaussian model (XY

model) is N=2 superconformal invariant for a specific value of the radius, see also [26].

In this paper we pursue our aim toward understanding the N=2 superconformal field theory.
We develop some tools for doing complex analysis in N=2 superspace, and we use them to
solve the Ward identities for the global N=2 symmetry, and find the general structure of the
correlation functions. The two- and three-point functions in particular, are almost fixed. We
derive the “fusion” rules for the degenerate representations of the N=2 algebra with ¢ < 1, and
we prove the closure of the degenerate representation content of the unitary “minimal” theories.
The simplest minimal system, with ¢ = 1/3, is analyzed in detail. We calculate the four-point

function and we derive its operator algebra.

The structure of this paper is the following: In section 2 we introduce N=2 supersymmetry
and we develop the local analytic geometry of N=2 complex superspace. We characterize the
global N=2 superconformal group OSP(2|2) and we give the explicit form of a general global
supertransformation. In section 3 we analyze the general structure of N=2 superconformal in-
variant theories. Section 4 is devoted to the analysis of the structure of the correlation functions,
implied by global N=2 superconformal invariance, and in the derivation of “fusion” rules for the
operator product expansion of the minimal theories with ¢ < 1. In section 5 the simplest N=2
superconformal invariant system with ¢ = 1/3 is analyzed. We compute its operator algebra
and the four-point function. Section 6 contains our conclusions. In Appendix A we use the
Feigin-Fuks construction to derive the two-point functions in the R and T sectors of an N=2
superconformal system. In Appendix B we derive and solve, up to level 5/2, the superdifferential
equations satisfied by the three-point function, containing degenerate operators. In Appendix
C we give a justification of the “fusion” rules, through the construction of the degenerate rep-
resentations with ¢ < 1 using free fermions. In appendix D we construct the primary fields of
the ¢ = 1/3 theory as vertex operators in the Gaussian model, and we explicitly check some of

the results of section 5.



2. N=2 Supersymmetry and the Analytic Geometry
of N=2 Complex Superspace

N=2 supersymmetry is a natural extension of N=1 supersymmetry. In this case we have two
different supersymmetry generators (supercharges), as well as an O(2) (or U(1)) current which
manifests the symmetry of the theory under an O(2) rotation of the two supersymmetries. The
natural space to define the fields of the theory is N=2 superspace, (or more precisely (2,0)
superspace). In a theory with (super)conformal invariance the left and right sectors of the
theory completely decouple, so that the structure of the theory is that of a tensor product of
the left and right sectors. From now on we will restrict ourselves to the left sector only, keeping

in mind the previous remarks.

(2,0) superspace includes, apart from the complex analytic coordinate z, two other fermionic

coordinates, # and 6 corresponding to the two supersymmetries.

0> =62 =1{6,0} = 0. (2.1)

A point in superspace will be denoted by z = (2,6, 6).

A superfield is an analytic function in z defined through its power series expansion in the

fermionic coordinates:

D(z) = ¢(2) + 0 (2) + 0y(2) + 00g(2). (2.2)

The two supersymmetry transformations can be written as:

(2,0,0) — (2 — 6,0 + ¢,0) (2.3a)

(2,0,0) — (2 — €0,0,0 + ¢ (2.3b)

where €, € are anticommuting variables which are the parameter of the transformation. Under



the two supersymmetry transformations, (2.3a,b), a superfield transforms as:

D(2,0,0) — P(z —€0,0 +¢,0) = p(z — €0) + (0 + )Y(z — €f) + (2 — €h)

+(O0 + €)fg(z — ) = ¢(2) + () + 0[eD2p(2) — eg(2) + (2]
+010(2) + 00[g(2) + €D.(2)] (2.4a)
D(2,0,0) — (2 —0,0,0 +¢) = ¢p(z — &) + (2 — &) + (0 + &) (z — €b)
+0(0 +€)g(z — &) = ¢(2) + &(2) + 0[y(2) + €0.6(2) + &g(2)]

0 (2) + 0lg(=) — 20.0(2) (2.40)

which implies the following transformation laws for the component fields:

bed(2) = e(2) 0e(2) = &(2)
detb(2) = €[0:0(2) — g(2)] dep(z) =0
B o (2.5)
detp(2) =0 eb(z) = €0:0(2) + g(2)]
5eg(2) = €0.1p(2) b6eg(2) = —€0,(2)
It is easy to verify the global supersymmetry algebra:
(¢, O¢] —QEEQ [0¢, 0c] = [0z, 0¢] =0 (2.6)
€y Vel T 827 €y ve] — [Yey Vel T Y- .
The covariant derivatives in superspace are defined by:
o -0 _ 0 0
2 _ A2 ;- 9
D*=D“=0 , {D,D} = 2&. (2.7D)

We introduce here the notion of a chiral N=2 superfield, as a superfield satisfying one of the



following conditions:

D®(z) = 0 = B(z) = ¢(2) + 20¢(2) — 000,¢(2) (2.8a)

D®(z) = 0 = ®(z) = ¢(2) + 200(2) + 000.p(2) (2.8b)

We can write an action for a free chiral superfield, (its left part), as:

== / d=dzd0d0[D(z, 2)0-D(z, Z) — ®(z, 2)0s6(z, 2)]. (2.9)

T

The Grassman integration is defined through the usual standard rules:

/ 0 — / 00 — / A0diT =0 / 04760 — 1. (2.10)

If we define ¢1 2 = 1/2(¢ £ i¢), the action in component form is:

S = % / d2dz]0,010:¢1 + 0.¢20:¢2 + 10z + ). (2.11)

showing explicitly the on-shell degrees of freedom, that is two self-dual scalar fields and two

Majorana-Weyl fermions.

If we call the generators of the two supersymmetries G_j /5, G_j o then eq. (2.6) is translated
into:

{G_1)2,G1yo} ={G_1/2,G 12} =0,  {G_1)9,G 10} = 2L (2.12)

L_1 being the usual translation operator on the complex plane. The full superconformal sym-

metry is generated by the usual Virasoro generators L,, the supersymmetry generators,

2 ~ 2

GrEn+1[Ln,G_1/2],GTEn+1

(L, G_1ja], 7 =n—1/2 (2.13)

and the U(1) current generators, J,, which implement the U(1) symmetry, under which the two

supercurrents are in complex conjugate representations. The full N=2 superconformal algebra



then takes the form:

C
[Lm, Ln] = (m — n)Lm+n + —(m3 - m)5m+n70
4

m
[Lma Gr] = (3 - T)Gm—i—r ) [Lma Gr] = (5 - T)Gm+r
[Jm7 Jn] =cm 5m+n,0 5 [Jm, Gr] = Gm—i—m [Jm> Gr] = ém—i—r (2'14)
{Gr,Gs} = {Gm Gs} =0 , [Lm, Jn] = —ndmin

- 1
{Gr,Gs} = 2Lyt + (1 — 8)Jrgs + 5(7"2 - 1)57“—%8,0

It is the generating algebra of N=2 superanalytic transformations in N=2 superspace. We
should, at this point, define what we mean by an extended superanalytic transformation. The

most general coordinate transformation in N = 2 superspace has the form”

2= fo(2) +0fi(2) + 0f1(2) + 00 f>(2)
0' = go(2) + 091(2) + 01 (2) + 00g2(2) (2.15)

0" = ho(2) + 0h1(2) + Oh1(2) + 00hs(2)

A natural definition for an extended superanalytic transformation is one under which the co-

variant derivatives transform homogeneously. Under (2.15) the covariant derivatives transform

as:
D= (D§)D' + (Dé’)i + D7 — (De’)é’]i (2.16a)
o0’ 07 ’
D = (D&YD' + (D02 + (D' — (DI (2.165)
00’ 0z ’

Consequently the conditions for (2.15) to be a superanalytic transformation are:’

DY = D' = Dz’ — (D§)0' = D=’ — (D8')¢' = 0. (2.17)

* fo, f2,91, 31, h1, h1 are commuting functions, whereas f1, fi, o, g2, ho, ho are anticommuting ones.
t In fact, even if we demand that D transforms in general as D = (D6")D + (D)D" we end up at (2.17).
There is a dual requirement, D = (D#")D’ which gives conditions conjugate to (2.17)



Solving (2.17) we arrive at the most general form of an extended superanalytic transformation:
' = fo(2) + 091(2)ho(2) + Oh1(2)g0(2) + 00[g0(2)ho(2))
0' = go(z) + 0g1(2) + 00g5(2) (2.18)
0 = ho(2) + 0hi(z) — 00hy(2)

along with the supplementary condition:

fo(2) = go(2)ho(2) — go(2)ho(2) + g1(2)ha (2) (2.19)

where in (2.19) and in the left-hand side of (2.18) a prime means differentiation with respect to

zZ.

In particular the global supersymmetry transformations are special cases of (2.18) with
fO(Z) = ngO(Z) =6 hO(’Z) = 0791(2> = ]_7‘1<Z) =1 and fO(Z) = Zag(](z) = Ouh‘O(z) = E,gl(z) =

hi(z) = 1 respectively.

We define the two abelian N=2 superdifferentials through their transformation properties

under analytic superconformal transformations:
dz' = (D0')dz : dz' = (DO')dz (2.20)
(the bar over dz should not be confused with the antiholomorphic coordinate z, it denotes an

independent abelian differential).

The superconformal tensor fields are defined by the condition that
(z)(dz) >/ (dz) 2~/

is an N=2 superconformal invariant quantity, where A, () are the dimensions and charge of the
lowest component field. They are the primary superfields generating the highest weight irre-
ducible representations of the N=2 superconformal algebra. Globally defined tensor superfields
must have dimensions and charges which are integers or half integers. They can be constructed

as composite operations from locally defined fields.



We can also extend the Cauchy integral formulas in superspace. If we define the invariant
“distances,” z;; = z; — zj — Hiﬁ_j — H_Z-Qj, 0ij = 0; — 0, Q_ij =0; — H_j, and the “volume” element

dz = dzdfdf, then, [25],

% dz1 © (z1)012012 = 0
¢ _
% dz; (Z1)91z27?§12 = (m i 1)! 83;;__11 ® (22)
¢ _
% dz; ® (m)% = T i 0 (i;_l1D‘1’(Z2) . (2.21)
c
QLM dz1q)(zl)z_71£ = —(mim!;:g%_—lllj@@?)
e
% dz, @ (ZI)ZLTQ = % (m i 1) aa:;n_ll [D, D] ®(22)

The prescription to evaluate the integrals above is the following: First, do the Grassman
integrations using eq. (2.10) and then perform the complex integrations in the usual way. The

contour C' is winding around the point zs.

The N=2 superanalytic transformations are generated by the energy-momentum superfield,

which in component form can be written as:

J(z) = J(2) +i0G(2) +i0G(2) + 2007 (z). (2.22)

The Fourier modes of the generators are defined in the usual way:

Jn _ Ln
J(2) = 7; o I(z) = 1;2 n+2
s eGais (2.23)
()= — G =), ot
nez neZz



These generators are represented in the space of superfield functions in the following way:

Ly = — "O— + 0=
9. 2 7 5t 0%)
~ 0 0
n 8 _a n—1 _a o
Gh12=2 [%—9&]+ 99@
_ 90 D
anl/Q = Z [a—e— —ea] — Nz 1008—0—

It is straightforward to check that the generators in eq. (2.24) satisfy the N=2 supercon-
formal loop algebra, (as in (2.14) with ¢ = 0), which is the algebra of N=2 superconformal
transformations over S'. The explicit representation (2.24) will be useful later on in this paper,

to analyze the correlation functions of N=2 superconformal invariant theories.

The energy momentum tensor has an operator product expansion with itself:

0 012 - 0126
He)I(m) = [ 2DI(z2) — DI (z2) + 27 5 2 ()
12
0126 c
2222 3 () (2.25)
Z12 212

where the anomaly ¢ is normalized, so that a free scalar N=2 superfields has ¢ = 1. Eq. (2.25)

corresponds to a change of the energy momentum tensor under a superconformal transformation

8D, Dv (2.26)

v being an infinitesimal N=2 superfield.

10



The change in the energy momentum tensor under a finite superconformal transformation

is given by:

J(z) = J'(z)[DO')[ D) + ES(Z, z) (2.27)

where the N=2 super-Schwarzian derivative is defined through:

oD’ _ oDy 5 o0’ o¢’

S N= == —2— 2.28
(=2) =55 ~ Do~ 2(D7) (D7) (2.28)

It satisfies the following composition law:
S(z1,23) = S(z1,22) + (DQQ)(DQ_Q)S(ZQ, z3) (2.29)

On the sphere for a vector field to be globally defined, it must have a vanishing “anomaly,”
that is under an infinitesimal transformation generated by it, the anomalous part in (2.26) must
vanish, that is, 9,[D, D]v = 0, which gives an eight-parameter family of globally defined vector

fields on the sphere:

v(z) =v_1 +vpz + v122 + 9[u71/2 + ul/zz] + é[ﬂ,l/g + ﬂl/gz] + qo00. (2.30)

These vector fields generate the global N=2 superconformal algebra, osp(2|2). (In fact they
generate half of osp(2|2), its holomorphic part.) The global N=2 superconformal algebra is the
maximal, finite dimensional, subalgebra of the N=2 superconformal algebra. It contains the gen-
erators of the ordinary projective transformations, L1, Lo, L—1, the supercharges G s, Giq /2
and the zero mode of the U(1) current. It is easy to check using (2.14) that this set of generators
closes into itself, and it contains as a subalgebra, the N=1 superconformal algebra, osp(2|1).
Since the Schwarzian derivative transforms as in (2.29), the fact that it vanishes for infinitesi-
mal global N=2 transformations continues to be true for finite transformations belonging to the

identity component of the group.

11



The OSP(2|2) group transformations can be found either by exponentiating the generators
of the algebra given in (2.24) or using the general form of superanalytic transformations (2.18),
and some analyticity arguments [16]. Another way is to solve the equation S(z,z’) = 0. There
are three parameters associated with the subgroup SL(2,C), four supersymmetry parameters,
(Grassman), €1, €2, €], €2 and a parameter ¢ associated with the zero mode of the U(1) current.
The group transformations are:
, az+b (1 - Ja@)ez + el + L) (1+ 3e182)e1z + (1 — Se1@)er

— a9 ~4g
P ard f (cz + d)? e (cz + d)?

n [2der€1 — 2c(€1€0 + €2€1)]2 + d(Er€a + E2€1) — 2cE2€n

i (2.31a)
+ €9 1+ 1(6251 — 6152) -+ l61516252 —e1d — eoc
g = D22 g T2 1 i 2.31b
cz+d e (cz+d) * (cz +d)? ( )
_ €12 + € 1+ l(62€1 — 61@2) + l61€162€2 _€9c — €1d
g =9 ag-"2 1 i 2.31
cz+d e (cz+d) i (cz + d)? (2:31c)

The N=2 superconformal vector field generates the group of N=2 super-diffeomorphisms
on the circle, Diff (S1). The Schwarzian derivative is the globally invariant generator of the
second cohomology group of Dif f (S1). Tt generates a non-trivial transformation on the energy-

momentum tensor viewed as a connection on moduli space.

As can be seen from (2.14), the subalgebra does not have an anomaly even if ¢ # 0. This is of
crucial importance in a superconformal theory as we will see later. It implies that all correlation
functions are invariant under OSP(2|2) constraining in such a way their form. Along with some
supplementary constraints on the correlation functions, present when the theory has degenerate
representations, it helps to determine the correlation functions completely, rendering the theory

exactly solvable.

3. The General Structure of N=2 Superconformal Theories

12



An N=2 superconformal field theory is a field theory invariant under the N=2 superanalytic
transformations described in the previous section, which form the N=2 superconformal group.

The infinitesimal transformations are generated by an infinitesimal local superfield v(z):

v(z) = vo(2) + 0v1(2) + 001(2) + 00 va(2) (3.1)

Y= 2t o(z) + %[(Dv)e + (Dv)d]
(3.2)

1 _ - 1
0/:0+§DU s 0/:9+§D'U

The function vy, 71 are Grassman functions anticommuting among themselves and with 6, 6,
whereas vg, v2 are usual meromorphic functions. The superconformal transformations are gen-
erated by the super-energy-momentum tensor, see (2.22). Using the Cauchy formulas of the
previous section we can write the change of a local superfield under a superconformal transfor-

mation as:

5, ®(z) = _4%?2' dz'v(z')J(z')(z) (3.3)

where the contour C', surrounds the point 2z in the complex plane.
The variation (3.3) is determined by the singularities of the OPE, of the energy-momentum
tensor with the superfield. In particular a superfield function transforms under an infinitesimal

transformation as:

1 _ 1=
0y ® = v0P + §DUD(I) + §DUD®. (3.4)

It is usually convenient to use radial quantizations going, (through a superanalytic transfor-
mation), from the cylinder to the plane, (Inz, 212, 2_1/2§) — (17 +10,0,0).

The fermionic fields on the cylinder can have two possible boundary conditions, periodic
or antiperiodic. On the plane, this is translated to G, G(2e?™) = +G, G(2), the corresponding
subspaces of the full Hilbert spaces being the NS and R sectors. In the NS sector G(ze*™) =
G(z) whereas in the Ramond sector, G(ze?™) = —G(z), that is the fermionic fields are double

valued on the plane.

13



The operator product expansion for the energy-momentum tensor was given in (2.25). The
terms that appear in (2.25) are the most general terms that are allowed in a Euclidean N=2
supersymmetric quantum field theory, satisfying the standard constructive field theory axioms.
The proof of [2] can be extended easily in our case, to guarantee (2.25) provided the theory
has scale invariance and global N=2 supersymmetry. Using the mode expansions (2.23) we can
derive (2.14) from (2.25). The energy momentum tensor must be a Hermitian operator, implying

some hermiticity conditions among its components:

Ll=L ., Jl=J,G =G G =G_,. (3.5)

We define the in-vacuum |0) of the theory at time 7 = —o0, (2 = 0), to be OSP(2|2) invariant.
This means that it is annihilated by L,,n > —1, J,,n > 0, G;, Gy, 7 > —1/2, (NS sector) or
Gpn,Gpn,n > 0 in the R sector. In the same way the out-vacuum is defined at z — oo. The
vacuum state belongs to the NS sector and it is the ground state of the theory. The unitary
irreducible representations of the N=2 superconformal algebra are generated from highest weight

vectors, (hwv), by the action of the lowering operators of the algebra , Ly, Ju, Gy, Gy, n,7 < 0.

In the NS sector the hwv’s are generated by the action of primary conformal superfields on
the vacuum state. Their defining relations are their transformation properties under supercon-

formal transformations encoded in their OPE with the energy-momentum tensor:

0120 0120 9
J(21)®(22) = 20220 (25) + 2-20/ (2) + —2 D® (25)
AD Z12 Z12

— @D(I)(ZQ) + Qq)(ZQ)
Z12 Z12

(3.6)

Using (3.3) and (3.6) we can derive the transformation law for a primary superfield operator:

0 ®(z) = A(0,v)P(z) + v0,P(z) + 1[DU]DCI)(Z) + 1[DU]DQD(Z)

2
. (3.7)
~ (D, Dlv}a(a)

\)

14



Under a finite transformation ®(z) transforms as:

s}

O(z) = O(2')[DO)A T2 [DF)A 3 (3.8)

where (A, Q) are its dimension and U(1) charge. The hwv in the NS sector are characterized

by their eigenvalues under the zero modes of the algebra:

Lol®) = Al®) ,  Jo|®) = Q|P). (3.9)

Being hw states they must be annihilated by the raising operators of the algebra:
Lp|®) = Jp|®) = Gp|®) = G,|®),n > 0. (3.10)

The OPE (3.6) can be written also as commutation relations which will be useful later on:

L, ()] = 21 2 0(5) - (n 4 1)2[A + [0+ 01 (z)
+ %n(n +1)2" 100 (z)
[Jn, @(2)] = 2"[Q + 0_329_ - 9%]@@) + 2nA2" 100 (2) . (3.11)
G, ®(z)] = erré[% - 9%]@(2) —(r+ %)yé[(m + Q)0+ eé%]@(@
G ®(a)] = 23— 0 18(a) — (r+ 5)7H (2 — Q) — 08 ](x)

In the R-sector the zero modes are Lg, Jy, and Gg, G, their eigenvalues characterizing hwv’s.

There are two kinds of hwv’s, |A,Q F1/2)+ , [9],

1 1
LOlAv Q + _>:|: = A‘A7 Q + _>:|:
2 2
1 1 1 (3.12)
HIAQF )+ = (QF HIAQF 5)
which satisfy an additional hwv condition with respect to the supercharges:
1 _ 1
GO’A,Q+§>_ =0 5 GO’A,Q—§>+ =0. (313)

Consequently there are two kinds of representations, R*. The two representations are isomorphic

under charge conjugations (G, < Gy, J — —Jy).

15



;From now on we will restrict to one of them, say R™, our statements being valid for R~ as

well.

In the R-sector the ground state is not unique. There are two ground states degenerate in
energy, (i.e., having the same dimension). |©") and Go|©") = |©7). They are generated from
the vacuum |0), (which belongs to the N.S sector), by primary fields ©%(z), much like the spin
fields of the N=1 superconformal theories. The spin fields have double-valued OPE with the

energy-momentum tensor, for example:

G205 (@) = 2as 2 )

where ap =1, a_ = A —¢/8. This happens in order for the spin field to be able to change
the boundary conditions of the fermionic parts of the superfields. We can view the spin fields as
opening and closing cuts on the cylinder. The states in the R-sector are generated by ordinary
conformal superfields acting on the Ramond ground states. The generators of global N=2

supersymmetry transformations in the R-sector are Gg, Gy.

Unbroken N=2 supersymmetry is implied by the existence of a ground state which is anni-
hilated by the global N=2 supersymmetry generators. The state |©7T) is annihilated by G due

to (3.13). Applying {Go, Go} to it we obtain:
{Go,Go}|OT) = GoGo|OT) = (2Lo — ¢/4)|07) = (24 —¢/4)|07). (3.15)

Consequently, in order for G to annihilate |©71), its dimension must be A = ¢/8. The operator
{Gy, G} is a hermitian positive operator, thus any dimension in the R-sector has to be > ¢/8.
This is the reason that the vacuum |0), the lowest energy state must belong to the N.S-sector. In
the same way Go|©~) = 0, implies A_ = ¢/8. Therefore, the existence of a state in the R-sector
with A = ¢/8 implies unbroken N=2 supersymmetry on the cylinder. On the other hand if such

a state does not exist in the theory the one supersymmetry out of the two is broken.

So far we have been discussing the two sectors of the N=2 superconformal theory that parallel

the situation in ordinary N=1 superconformal theories. In the N=2 case though, unlike the
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N=1, there is another sector present in general due to the fact that N=2 superfields contain two
fermionic components, so there is also the possibility of choosing periodic boundary conditions
for one of them, and antiperiodic for the other one. This can be seen easier if we write the

algebra (2.14) in an O(2) basis:

Gl= % , Gz:@%ﬂ@ (3.16)
In this basis the algebra (2.14) becomes:
¢
[Lma Ln] = (m - n)Lm—HL + Z(mg - m)5m+n,0
. m .
[Lma Gjﬂ] - (? - T)ng{»'r? [LTTM J’I’L] = _nJ’ﬁH—n
(3.17)

[JW’U Jn] = 5m5m+n70 [Jm’ GH — ZE”GJ

m—+r

{G1, G} = 207 Ly + i€ (r = 8)Jps + 2(” = )08

The twisted (7)) N=2 algebra is defined by choosing integer modes for G | L,, and half
integer modes for G2, .J, choices, compatible with the commutation relations (3.17). In the O(2)

basis the energy momentum tensor becomes:
J(z) = J(2) + 70'GI(2) + €700 T(2) (3.18)
where 6% is an O(2) doublet of Grassmann coordinates. A twisted superfield:
B(z) = 6(z) + 90 (2)(2) + 100 2) (3.19)

has antiperiodic boundary conditions for ¢(z) and ¥?(z) and periodic boundary conditions for
g(2) and 9'(2), on the cylinder, that is ¢ and ¢! are Zg twisted. Again here, G} is a hermitian
operator. Its square, acting on a primary state must give positive eigenvalues, which implies
that all the dimensions in the T-sector satisfy: A > ¢/8. In particular it implies that if there is

a state with A = ¢/8 this is then the ground state, and it is doubly degenerate since this state
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|H™) and |H™) = G}{|H™), have the same energies. One of the two supersymmetries, namely
the one generated by G(l) is then unbroken, since G(l) annihilates the ground states:
1
(Go)?*|H™) = S{Go, Go}[HT) = (Lo — &/8)|H") =0

(3.20)
GolH™) = (Go)*|H") =0

The global supersymmetry generated by G’%l /2 is broken since G’%l /2 fails to annihilate the
ground states. This is obvious since in order for G% /2 to annihilate a primary state, its dimension
has to be zero, and as we argued above, states with zero dimension do not exist in the T-sector.
Thus in the T-sector we have at most a remnant N=1 supersymmetry. The ground states are
generated from the NS vacuum by the “twist” fields H¥(z), the presence of which induces cuts
on the complex plane such that ¢(z) and 1!(2) are double valued around the point where the
twist field lies. In the T-sector there is a parity operator, (—1)F , which commutes with L,,, J,

and anticommutes with G?,. In particular:
(=DFIHT) = 1), (~=D)F|H7) = —|H7), (3.21)

In the R-sector the two-spin fields are non-local with respect to each other. Their operator
product expansion contains square root singularities in the complex plane which induce non-
locality when we project to Euclidean space. The same is true in the T-sector. In order to
obtain a local theory we must suitably project out one fermion parity, the same way as in the

N=1 case.

Unitarity, as in N=0,1 conformal theories, puts severe constraints in the representation
content of an N=2 superconformal theory. A basic tool for studying unitarity is the Kac deter-
minant. It has been derived in [9, 10, 11]. We will include the main results, since they will be

useful later on, in this paper.

In the NS sector hwv’s are labeled by their dimension h and charge g. Any secondary state

is then characterized by its level, (eigenvalue of Lo — h), and relative charge, (eigenvalue of
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Jo — q). The Ka¢ determinant at level n and relative charge m is given by:

detMNS (C h q> H [fNS]PNS =,m) H [gliVS]PNs(n7|k|,mfsgn(k);k) (3'22)
1Srssan k€Z+1/2
N (—1)2 [(6—1)%+s]?
FNS =2~ 1)h—¢* — T+ reZt, se 22" (3.23a)
1 1
ﬁw:2h—ﬂq+®—JXH—Z%keZ+§ (3.23b)
while the NS partitions function are defined by:
o 1
(14 2F=2w)(1 + A~ 2w 1)
Z Prns(n,m) H 1= 2 (3.24a)
k=1
Z PNS(TL, m; k)z"w™ =1+ ARl yysgn(k)—1 Z Png(n,m)z"w™ (3.24b)

n,m

where z,w are formal complex variables. Equation (3.22) implies that whenever there is a
vanishing of fN S there exists a hwov at level 5 and relative charge zero. When g,iv S =0, there
is a hwv at level |k| and relative charges sgn(k). For ¢ < 1 unitary representations exist only

for the discrete series of values for ¢;

2
c=1——, m=23,1u... (3.25)
m
their dimension and charges are given by:
45k — 1 | — k 1
h="0"""  ¢=1"% keZ+:, O0<jkjtk<m-—1 (3.26)
4dm m 2

Representations belonging to this class, (N.Sp), are degenerate. For ¢ > 1 there are two other

classes of unitary representations.
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(a) NSa. These representations are characterized by the following conditions:

1
g =00 G ignny <0 fiE > p forsomen € Z+ 3 (3:27)

They are also degenerate.

(b) NS3. The representation in this class are characterized by gf;] S > 0,VneZ + % They

contain degenerate representations when 9711\7 S = 0 for some neZ + %

In the R* sector hwv's are characterized by their dimension h and charge ¢ + 1/2. They
satisfy also the supplementary hwv conditions (3.13). The Ka¢ determinate at level n and

relative charge m is:

RIAMCYIES | ARl | U (3.28)
1<rs<2n keZ
F_1 2
fs =2(E—1)(h—¢/8) — ¢* + G 3[ + sl et se2Z (3.29a)
R . o 1y 1
gy =2h —2kq+ (¢ — 1)(k* — Z_l) 7 keZ (3.290)
where the Ramond partition functions are defined by:
o0
1 k 1 k,,—1
ZPR(n, m)z"w™ = (w/? + w?) H (1 + 27w :Z W) (3.30a)
(1 —2F)?
n,m k=1
Z Pr(n,m; k)z"w™ = [1 + zlFlyson k)= Z Pr(n,m)z"w™ (3.300)
n,m n,m

sgn(k) = 1, k >0, —1for k < 0, and sgn(0) = 1(—1) for the R™,(R™) algebra

respectively.
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A vanishing of fﬁs signals the existence of a hwv at level rs/2 and relative charge —1/2.
When gff = 0 there is a hwv at level |k| and relative charge sgn(k) — 3sgn(0). For ¢ < 1
unitary representations exist only for the values given in (3.25), the respective dimensions and
(1) charges being
ik | —k
L g = sgn(0)2—=j keZ,0=<j — Lk, j+k <m—1 (3.31)
m m
This class of representations, (Roi), contains only degenerate representations. For ¢ < 1,

there are again two classes of unitary representations.

(a) R;. The representations in this class are characterized by,

95 — 07g§+sgn(n) < 0, fo 2 0, (332)

for some neZ. They are also degenerate.
(b) Rét. These representations are characterized by gt > 0,VneZ.
They contain a subset of degenerate representations corresponding to g,]f = 0 for some neZ.

Finally in the T-sector the hwwv are characterized by their dimension h and fermion parity,
(—1)¥. Each level contains two equal subspaces of opposite fermion parity. The Ka¢ determinant

for the T-algebra is the following:

det ML) = 1,det ML) = h — &/8 (3.33a)
det ML, (e, h) = [h—&/8)"r ™2 [T [fEJFrinrs/ (3.33b)
S
~ 2
[ =2@E—1)(h—é/8) + IG 13;" =8 oz (3.34q)

(] 4 k) (14 12
S prtn = T e 55

For ¢ < 1 unitary representations exist again for the values (3.25), all being degenerate, with

21



dimensions given by:

~ o 2 2
% %,m:ZS,...,TEZ,lSTSm/Z (3.36)
For ¢ > 1, we have another class of unitary representations, 75, with h > ¢/8. None of them

is degenerate.

The degenerate representations belonging to the class NSy, Ra[, Ty, have been proven to be
unitary through an explicit unitary construction of their Hilbert space, [17]. The question about

the unitary of Rét, and NS is still open.

4. Correlation Functions and Operator Algebra of the

Unitary Degenerate Representations

As it was mentioned earlier in this work, the invariance of the vacuum under the global
N = 2 superconformal group, OSP(2]2), turns out to be very useful towards the evaluation
of the correlation functions” JFrom now on we restrict ourselves to the NS sector. Similar
techniques though apply to the RT and T sectors although the analysis is somewhat more
complicated. As an example we present the evaluation of the two-point functions in the R and

T sectors in appendix A.

Using the commutations relations (3.11), derived in the previous section, we can write the
Ward identities for global superconformal invariance. Their derivation is obvious. For example
L_; annihilates the in-vacuum. But we can move it to the left using (3.11), so we end up with

a differential equation for the correlation function. Thus the n-point function:

F, = (0|®1(21)P2(22)P3(23) . . . Pr(2,)|0)

* The invariance under OSP(2]2) is still present even when the system lies on a curved manifold where the
anomaly ¢ couples to the Ricci scalar, TS ~ ¢R, and local scale invariance as well as local supersymmetry
are not symmetries any more.
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satisfies the following Ward identities:

"9
L_q: [Za—% F,=0
1=1
" 0 1. 8 -0
Ly : Z{ aZZ+A'+§[Q¢a—9i+9ia—9i]}Fn— (4.1)

=1

_ " ) _ 0 _ _
1 1 1 i

where A;, Q); are dimensions and charges of the various fields appearing in the correlation func-

tion (4.1).

A superfield operator in terms of components has the form:
D(z) = ¢(2) + 0 (2) + 0 (2) + 00g(z). (4.3)

The two-point function is completely fixed by the Ward identities, up to an irrelevant nor-

malization constant.

L+A, 01 0
(011 (21) Da(22)[0) = 775 > T2 exp{Qa ”}6Q1+Q2,06A1,A2 (4.4)

It is a function of the supersymmetry invariant distances in super space, z12 = z1 — 22 —

0165 — 6105, 010 = 61 — 63, 6012 = 01 — By. The three-point function depends on nine
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independent variables (z;,6;, ;). Since OSP(2]2) has eight generators we can fix at most eight
of them, so there must be a unique combination invariant under OSP(2]2). This is a commuting

combination which turns out to be nilpotent:

- O 6130 093053 -
p= 2tz Vb | Ol gy, (4.5)
Z12 713 723

So, for any particular solution of the Ward identities, we can obtain the general solution
by multiplying it with (1 + od:?), a being an arbitrary commuting constant. Solving the Ward

identities for the three-point function we obtain:

3 3 3
“A, 005
(011 (21) P2(22)03(23) 0) = C | [ [ 2,7 | exp | D A Z,‘” 0Q1+Q2+Qs.0 (4.6)
i<j i<j K
where the constants
3
A=Az, Y Ay =—Q (4.7)
j=1

J#i

It is easily seen from (4.7), that the equations defining the constants A;;, are not fixing all
of them because of the change neutrality condition, for the correlation function. In particular,
if A;; is some solution of (4.7) then A2 + a, Az1 + a, A2z + «, is also a solution. Of course this
is expected. It corresponds to multiplying the three-point function by the OSP(2|2) invariant,
(1+ ozf%). For the three-point function to be non-zero, the OPE of the operators ®1, ®3 must
contain the family ®3. Then the normalization constant C' of the three-point function is the
Glebsch-Gordan coefficient for the decomposition [®1] ® [@2] — [®3]. In the N = 2 case, like
the N = 1, there is another operator product coefficient to be determined, namely one of the

A;j, due to the existence of the OSP(2|2) invariant R.

In general OSP(2]2) invariance constraints the n-point function to have the form:

" “Ay - ._913'971]'
(0]P1(z1)P2(z2), - . . Pn(2n)]0) g[zij ]eXp[;Au Zij]
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XFn[iL‘l, o, ... ,xgnfg] X (52?:1 Q:,0 (48)

n n
A =—=Aj, D=0, D Aij=—Qi, D Ay =24 (4.9)
oy i
where x;,7 = 1,2...,3n — 8 are the combinations of the coordinates, with dimension zero,

invariant under OSP(2|2). They are functions of the invariant distances, z;;,6;;,6;;. All the
non-trivial information about the theory is encoded in the functions F),. In most cases they are
determined by the specific details of the theory. In certain cases though, that we will discuss

below, they can be evaluated, just by knowing the representation content of the theory.

So let’s focus on these interesting situations where there are more constraints on the form

of the correlation functions.

Consider a hw unitary irreducible representation of the N = 2 superconformal algebra. It
is generated by a hwv,|A, Q) >, the primary state, satisfying the usual hwv conditions. The
full representation is obtained from |A, Q) > by applying the lowering operations of the algebra.
In some special situations it may turn out that one of the secondary states satisfies the hwv
conditions. That means that the representation generated by |A,@Q > is not irreducible, but
there is another representation, (the one generated by the secondary vector), embedded in
it. The secondary hwv, |y >, has the interesting property, that it is null, (i.e. (x|x) = 0), and
orthogonal to any other state in the Hilber space. We may thus consistently set |x > to be equal
to zero, a condition that decouples all its family from the correlation function of the theory. In
fact this condition will generate constraints on the correlation functions, of the primary state
|A,Q >. To see how such constraints arise we have to remember that |y > is given by some

operator O, constructed out of the lowering operators of the algebra, acting on |A, Q) >, thus:

0=< 0|CI)1(Z1)<I>2(Z2) R (I)n—l(zn—l)|X >=< 0|<I>1(Z1)CI)2(Z2) R Q)n_l(zn_l)é|A, Q > (4.10)

Moving the operator O to the left using the commutation relations (3.11) we end up with a

super-differential equation for the correlation function. Solving these equations we can determine

25



all the correlation functions that the degenerate family is participating in. An interesting set of
theories are those that contain only degenerate representations, the so called "minimal” theories.
They contain a discrete , (in general infinite) set of primary operators and exist for ¢ < 1" A
subset of them are unitary and their content has presented in section 3 according to the results
of [9,10,11]. They contain a finite set of primary fields. Such theories are exactly solvable in the
previous sense. Unitary minimal theories are known for systems realizing conformal, [1, 18], or
superconformal invariance [19, 20]. The “fusion” rules in the N=0 case were derived in [1]. In

the N=1 case they were partially derived in [19] and in full generality in [27].

A necessary and sufficient condition for the existence of such systems is the closure of the
operator algebra of a set of unitary degenerate representations. In fact we will show that the
operator algebra of the unitary degenerate representations of the N = 2 superconformal algebra,

with ¢ < 1, does close. We will derive also the “fusion” rules for the operator algebra.

Consider the OPE of two primary operators:
B ( Z B;(0)z 21 A2~ (4.11)

where the notation in the right hand side of (4.11) is symbolic, meaning the product can be
written as a sum of primary operators and/or their descendants, and the (z,6,6) dependence
can be easily substituted back. What we want to know is which irreducible representation
can appear in the operator product of two given representations. There is a simple criterion
for representations which are not allowed, and this is the vanishing of the appropriate 3-point

function.

The strategy is to use the superdifferential equations stemming from the degeneracy of
the representations to derive selection rules for the operator product algebra. Let’s consider

a concrete example. Take a representation which has a null vector at the first level. Such a

* It is possible that minimal theories exist also for ¢ > 1 in the N=2 case, but we will not examine this
question further in this paper.
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representation is for example one with A = "5—’2, Q=-"=2 whené=1— %, m=2,3.... The
null vector at level one is given by:
60 >=Q ~ DLot — (28 + 1)J1 + GoyjoGoyallAQ > (112

It is easy to verify, using the commutation relations (2.14), that ‘X(l) > satisfies all the
hwv conditions. Consider now the n-point function where this state is participating in. We've

mentioned already that such a correlation function is identically zero.

0= (0|®1(21)Pa(22) . . . P (2)[XY) = (0|1 (21)B2(22) . .. OB(0)]0) (4.13)

Commuting O through to the left we arrive at the following superdifferential equation

[Q 1,0 0. 208, -
{ Zazﬁ (24 + )Z[z’i T2 Wigg, ~Yigg,) — 2 tibi

=1 (

Zlg [ —] [a% ~ 0, a%j <0®(z1) ... D (2)2(0)]0 >= 0 (4.14)

We will specialize (4.14) to the 3-point function < 0|®;(z1)P2(22)P3(2z3)|0 > where P3 is

the degenerate operator mentioned above.

Doing a translation and two global supersymmetry transformations (we have the freedom
to do that, thanks to the OSP(2|2) invariance of the correlation function), we can write the

three-point function in the form < 0|®;(z1)P2(z2)P3(0)|0 >, where:
= (21 — 23 — 0103 — 01603,01 — 03,0, — 03)

22 = (22 — Z3 — (9253 — 52(93, 92 — (93, 9_2 — 9_3) (4.15)

Using the form of the three-point function found earlier, in (4.14) we arrive at the following
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set of conditions for the dimension A;; and the constants A;;:

A13(Q3—1)+Q1(2A3+ 1)+ A3+ A13=0

(A1g — A12)(A13 + A3) =0, (A12 + A12)(A13 + A13) = 0
(Qs —1)A13 — 2A1(2A3 + 1) + (A1 — A1z + 1) (A3 + A13) =0
(243 + 1)(A12 — A12) + (A1z — A13)(Ag3 + Ag3) = 0
(2A3 + 1)(A12 + Aj2) + (A3 — Agz) (A3 + A13) =0 (4.16)

The state mentioned above happens to be also degenerate at level 1/2 and relative charge

—1, the null vector being
Xijg >=G12l0,Q > (4.17)
In the same way we derive another equation:
S I
> 1o = Oin | <0l01(21) ... (z,)2(0)]0 >=0 (4.18)
— 00; 00;

which for the three-point function in particular implies

Az = —Aq3, Agz = —Ags. (4.19)

Solving (4.16) and (4.19) we obtain
2A1 = Q1,200 = Qo2, A1 = A3 — Ao (4.20)

. Consequently in the operator product of ®o, with 2As = @2, and ®3, only fields with 2A; =

Q1, and Ay = Az — Ay can appear.
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The superdifferential equations for the three-point functions are solved in Appendix B. Here

we will present the “fusion” rules for the NS sector of degenerate theories with ¢ < 1.

As was mentioned in the previous section, the unitary irreducible representations in the
NS sector with ¢ < 1, exist when ¢ = 1 — %, meZ™ — {1} and their dimensions and changes
are given by (3.26). It can be shown that for the family (j, k), there are three independent
null hwv embedded in it, one at relative change zero and level m — (j + k), another at relative
change 1 and level k and another one at relative change —1 and level j, (for more details see ref.
[12]). Consequently the correlation functions of (j, k) satisfy three superdifferential equations of
orders j, k,m — (j + k), simultaneously. The existence of three null vectors in the N=2 case is

qualitatively different from the already N=0,1 cases.

The “fusion” rules coming from the consideration of the two charged null vectors at levels

Jo, ko of the family (jo, ko) are the following: *

Jjo—ko
(o, ko) ® (k) = Y (j +jo — ko — n,k —n), jo > ko (4.21a)
n=0
Jjo—ko
(jo,ko) X (], k) = Z (j —n,k—jo+ ko — n),j() < ko (4.21())
n=0
Jo—1/2
n=—jo+1/2

As was mentioned above, the family (jo, ko) is also degenerate at relative charge zero and level
m—(jo+ko). The extra conditions from this new null hwv have the effect of truncating the sums
in (4.21) into the “unitary bounds”, 0 < j',k",7" + k" < m — 1, where (jo, ko) ® (j,k) ~ (', k).
This truncation phenomenon is known already to happen in the analogous minimal theories of

the N = 0,1 algebras. Thus it is consistent to built N = 2 unitary minimal systems, with

* In appendix C we present another heuristic justification of the fusion rules based on the unitary construction
of these representations using free fermions.
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¢ < 1, where there is a finite number of representations, all degenerate, and all the correlation

functions calculable.

We present the two explicit examples of the operator algebra of the first two non-trivial
theories with ¢ = 1/3,(m = 3),¢ = 1/2,(m = 2). In the ¢ = 1/3 theory the representation

content of the NS sector is shown in Fig. 1. The operator algebra is the following:

(é, :I:%) % (0,0) ~ (0,0), (é, i%) ® (é, qt%) ~ (0,0). (4.22)

This system, is somewhat special and it will be analyzed in more detail in the next section.

The ¢ = 1/2 systems has the representation content shown in Fig.2. It’s fusion rules are:

A EGFD~ 0.0 (5D B (G Fy) ~ (6T
) EGO~GE)  (pE) 85T ~ (G F)) (4.23)
(148 GO~ () (5.0 (50~ (5,080,

We should remind the reader that the “fusion” rules we have derived, give the maximum
possible set of operators that can appear in an operator product expansion. To determine exactly
which of them contribute and to evaluate their Glebsch-Gordon coefficients one has to evaluate

the 4-point function. This is what we will do for the ¢ = 1/3 system in the next section.

5. The ¢ = %, N = 2 Superconformal Theory

This theory has the simplest operator content compared to the other unitary minimal N = 2
theories. It is also the only member of the N = 2 discrete series which has the same central
element with a member of the N = 1 discrete series. The authors of [10], identified some
operators in the NS and R sector of the N = 2,¢ = 1/3 system with corresponding operators
in the ¢ = 2/3, N = 1 system. In [12], the rest of the operators of the N = 2 system were
identified and a rigorous proof of the decomposition was given using character formulae. The

correspondence is as follows: (subscripts indicate N = 1,2). The unit operator (0)2 decomposes
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into (0); and a primary field (1); in the NS sector. The energy momentum tensor and one of
the supercharges are contained in (0);, where as the other supercharge and the U(1) current
are contained in (1);. The NS representation (h,q) = (%,:I:%) decomposes into (%)1 in the
NS sector. In the R sector, (2,0)2 decomposes into (2); in the R sector of the N = 1 system
whereas (ﬁ, i%, i%) decomposes into (2—14)1 in the R sector. Finally (%6)2 in the twisted sector

of the N = 2 theory decomposes into (%)1 in the V.S sector of the N = 1 theory. Thus the

¢ =1/3, N = 2 system is a subsector of the ¢ = 2/3, N = 1 system, as is shown in Fig. 3.

The general discussion of the previous section can be specialized in this situation. The model
contains the unit (superfield) operator and a conjugate pair of primary operators, representing
the A = %,Q = i% states of the model. We will denote by . and ®y the corresponding
superfield operators. The two point function is:

_ 16120
014 () (2)]0) = 27, exp { - 202 (51)

where we suppressed the antianalytic part and we’ve chosen a particular convenient nor-
malization for the two-point function. The only three-point function which is non-zero is,
(0|Po(z1)D+(22)P_(2z3))]0). It is fixed up to a normalization constant by the OSP(2]2) in-
variance and the extra differential equations that it is satisfying due to the fact that it contains
degenerate fields.

_ 1 O930)
(01o(21) B (72)_(2)[0) = Crg”® exp {—g%} (52)

It implies the following operator product expansions for the component fields ¢4 (z) = ¢+ (2) +

01+ (2) + 004 (2) + 009+ (2)

1 1
o+~ J,  prg- ~ —§J, P—g+ ~ —§J

1

Yy~ 3

- 1 4
oo g~ §J7 g+9— ~ §J

which are determined up to an overall normalization constant. The first non-trivial correlation
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function is the 4-point function. Its evaluation enables us to fix the Glebsch-Gordon coefficient

in the OPE, in (5.3).

There are two ways to evaluate the 4-point function. Omne is to solve the superdif-
ferential equations that it satisfies due to degeneracy of the operators contained in it.
The other is to use the Feigin-Fuks construction. The only non-trivial 4-point function is
(0|P_(z1)P4(z2)P_(23)P+(24)|0). The operator ®(z) is degenerate at level 1, relative change
zero, at level 1/2, relative charge one and at level 3 relative change —1. The relevant superdif-

ferential equation for the 4-point function Fy(z1,z2,z3) are:

3
Z Gil/z Fy(z1,22,23) =0 (5.4a)
i=1

3 . .
> LY = Ji] Fu(z1,29,23) = 0 (5.4b)
i=1
3 —_ 3 . . -

Z GZ3/2 - Z (Ji+ Lll)G{/Q Fy(z1,22,23) =0 (5.4¢)

i=1 ij=1

where the relevant differential operators are defined in (B.9) in appendix B, and we have sim-
plified (5.4b) using (5.4a). The variables z; are the shifted variables we mentioned at the last

section.

Global N = 2 superconformal invariance constrains the four-point function to be of the

form:

1 /0140 046 0340:
Fu(21, 29,75, 24) = C(z10752) /3 exp {_ ( 14b1a _ 024621 O3 34)} y
3 Z14 Z24 Z34

X Gy(z1, 2,23, T4) (5.5)

where x1,7 = 1, 2, 3,4 are the four independent combinations of the coordinates invariant under
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the OSP(2|2) group. The obvious (dependent) invariants are:

_ Dasfa3 | 031634 024024
Z23 Z34 Z24

o

_ 012012 n 024024 B 014014

T2

Z12 724 Z14

013013 | 034034 014014
3= + -

z13 Z34 Z14

_ 1o n O23023 013613

Y1
712 723 Z13
214723 213724
Yo=——, Y= _—— (5.6)
212734 212734

Since y1 = 1 + 2 — x3,y1 can be deleted. We have also the additional relations:

2 2 2 2
ri=x5=a5=y; =0, x1x2 = (21 +23)2, T12223 =0 (5.7a)

(y2 —y3 + 1)2 = 2yox1T2, XT3 = Y2T1T3, T1T2 = Y3T1T3 (5.70)

The relations above imply that in fact x1,x2, 23 and x4 = yo are independent invariants.

Solving eqs. (5.4) we arrive at a four-point function of the form:

vy + 1\ 3 1
Gy(x1, 20, 23,24) = C < o ) exp [m (y — x1 + w419) (5.8)

where y = y2 — y3 + 1.

The four-point function, (5.8), is powerlike, something to be expected since the primary
fields of the ¢ = 1/3 theory can be constructed as vertex operators of a single ¢ = 1 scalar field
(see app. D). We have performed the same calculations using the vertex operator method, [17,
21]. We find the same result as in (5.8)" It is difficult though in this method to obtain the result

as a super meromorphic function in N = 2 superspace.

* The hypergeometric function obtained through this method truncate to polynomials of the first degree
giving a powerlike four-point function.
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By factorizing over two-point functions we can find that C' = 1. This implies that the OPE

coefficient in (5.3) is in fact unity.

The full construction of the four-point function, including its anti-holomorphic part does
not involve any subleties related to monodromy invariance, (locality in the Euclidean domain).
We simply have to multiply the holomorphic and antiholomorphic pieces which have the same
form. Knowledge of the four-point function (5.8) is enough to determine any n—point function

using the OPE coefficient for the degenerate operators.

Closing this section we shall remark again that the ¢ = 1/3, N = 2 superconformal theory

describes a particular point of the Gaussian model for a specific value of the radius (see [15] and
app. D).

6. Conclusions and Prospects

In this paper we analyzed the general structure of N = 2 superconformal invariant theories.
We developed the local analytic geometry of (2,0) complex superspace and we constructed the
global N = 2 superconformal group. The Ward identifies for the global N = 2 superconformal
symmetry were solved, which provided a partial determination of the correlation functions. In
particular the two-point functions are determined up to an irrelevant normalization, whereas

the three-point function is determined up to two OPE coefficients.

We then specialized to unitary minimal theories with ¢ < 1. We derived extra superdiffer-
ential equations, satisfied by all the correlation functions of the degenerate operators. Solving
these equations for the three-point function we derived the “fusion” rules for the N = 2 unitary
minimal systems. In particular we showed that the operator algebra of the unitary degenerate
representations with ¢ < 1 closes, which in turn guarantees the consistency of N = 2 super-
conformal unitary minimal theories with ¢ < 1. We analyzed in particular the simplest such
system, that is the one with ¢ = 1/3. This system has been shown to be a subsector of the
¢ =2/3, N = 1 superconformal minimal system, [10, 12]. We calculated its four-point function

by solving the relevant superdifferential equation and we thus determined its operator algebra.
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The ¢ = 1/3 system is realized at some special point in the Gaussian model, [15]. We think
that it is interesting and important to search for critical systems which realize the N = 2

superconformal symmetry since their structure seems to be very exciting.

Of course much more needs to be done in the context of N = 2 superconformally invariant
theories. A unitary construction of the degenerate representations with ¢ > 1 is still missing.

Their operator algebra needs to be found. (Work in that direction in in progress).

This class of representations is very important since they occur in N = 2 non-linear o-
models on compact Ricci-flat manifolds, arising in superstring compactification. The existence
of four-dimensional supersymmetry relies heavily on the N = 2 superconformal invariance of

the respective o-model, [14].

N = 2 superconformal methods may turn out to be important tools in understanding

superstring compactification and low energy superstring phenomenology.

I would like to thank J. Preskill for encouragement and M. Douglas for a lot of illuminating

discussions.
Note added.

During the completion of this work we received ref [28] where the analytic geometry of ex-
tended super Rieman surfaces was developed. We do agree with the results of ref [24] concerning

the local geometry (since we haven’t dealt with global aspects).

I would like also to thank the referee for bringing references [24,25,26,27] to my attention.
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Appendix A

In this appendix we discuss the derivation of the two point functions in the RT and T
sectors of an N = 2 superconformal theory. They can be derived as in the N.S sector by solving
the appropriate Ward identities. But since the R and T sectors, this procedure is somewhat
complicated, we will use another device, which proved to be useful in a lot of situations in the
past, [23]. This is the realization of the N = 2 algebra and it’s hw irreducible representations in
an appropriate extended “Coulomb gas” system. The primary superfields are realized as vertex
operators of the free fields of the theory. The building blocks are two chiral N = 2 scalar free
superfields X, X. The N = 2 algebra is realized in the usual way, and ¢ # 1 is obtained by
putting non-trivial boundary conditions at infinity. The vertex operator method for the N = 2

algebra has been developed in [17, 21].

Thus we have two chiral scalar superfields:

DX =DX =0 (A1)
with free propagators:
(01X (21) X (22)[0) = —In(z12) — %9122212
(01X (21) X (22)0) = —In(z12) + %91225_’212
(01X (21) X (22)]0) = (0] X (21) X (22)[0) = 0 )

and the primary fields of the theory are represented by vertex operators:

Va,a(z) =: expliaX(z) +iaX(z)] : (A.3)

with dimension A, s = aa + %(646 + af3), and charge Qua = (@B — af) where 3,3 are the

charges at infinity modifying the standard boundary conditions of the free system. The central
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charge of the N = 2 algebra is given by: é = 1 — 233. Correlation functions of the vertex

operators are easy to obtain since X, X are free fields.

n

01V a1 (21) - . Vi (20)|0) = [[ 23 %)
1<J
- 1 _ _ Gijéij _ =
X exp 2—5(0@‘0@' — Qo) =~ 00) i+ 35> ai+ ) (A.4)
i<j R4 i i

where the delta functions impose the “change neutrality” to the system, which is essential in
order for the IR divergences to cancel, otherwise they force the correlation functions to vanish,

(see [23]). For example in the NS sector the two-point function is:

012012 }

- 1
(OVa 1, (21) Vs o (22)]0) = 2337212 exp{ =S (@12 — arz) -

—(A1+As) exp{ Q2012612

xd(a1 +ag + ) x §(ag + ag + B) = Zq - }6A1,A27 00, —Q- (A.5)

the same that has been obtained in section 4.

In the R sector one has to impose periodic boundary conditions for the fermionic components

of X, X, giving rise to the modified free propagators:

21 — /%R 2
(01X (2) X (22)|0) . = (01X (1) X (22)[0) s + 610 { 2&% (z\l/?)@) } (A.6a)

21 — z 2
(01X (21)X (22)]0) & = (0| X (21) X (22)]0) s + 0165 {QE/% (Zf)@) } (A.6D)

Also Ly is shifted in this sector by 1/8 and Jy by j:% (due to the zero modes of the fermionic
components), so that the vertex operations in the R sector have dimensions A = aa + %(dﬁ +

aff) + % and charge Q = a3 — a3 + %
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The two-point function in the R sector can be obtained by directly applying (A.4). In

component form it is given by:

1 0101 + 020, (Vzi+v22)?%, -
(0[P (21)P—_(22)|0) = -Q A (0102 + 6,65)
725 2 25+ 2\ /Zi5g7, 25
919_2 — 516’2 9 (w/Zl —+ \/22)2 9 («/2’1 —+ \/22)4 9151820_2
— Lt AV Y Y LN | A.
220+ * 42129 42129212 * ] P (4.7)

WhereAleQ, A:Al—l/& Q1—|—Q220, Q:Ql—l/Q.

In the T-sector one needs to twist one of the scalars in X and X as well as one of the

fermions. The free propagator becomes:

(O[[X (z1) + X (21)][X (22) + X (22)]]0) = —2In(212)

21+ z 022 21+ 2 A8
— 010y ——= — 2+ oloel0——— (48)
2,/21 Z9 Z192 VRl 22279

where we used O(2) superspace variables, (the upper index is the O(2) index).

Consistency for the vertex operators construction implies & = @, 3 = 3 in this case. Also
Ly is shifted by 1/8 as in the R sector. The two-point function is thus given in component form
by:

1 Az
0|® P 0) = —x11+A—"T7-6616]
(01212 Ba(a)[0) = o {1+ A5 7016 ",

21122 i klpi nd ok ol
—A(A + 1) —/——==_YRp ol 050
( * )2 21222126 ¢ 1122}

where again A1 = Ay, A=Ay, —1/8.
Using the procedure above it is straightforward to evaluate the general form of any correla-

tion function in R and T-sector. In some cases screening operators are needed, see [17, 22] for

details.
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Appendix B

In this appendix we solve the first few superdifferential equations for the three-point function

and derive the conditions leading to the “fusion” rules discussed in section 4.

For the representation (As, ()3), degenerate at level 1/2 and relative change 1 the null hwv

1s:

|Xf/2> = G_12|A3,Q3) (B.1)

It implies the following equation for the three-point function
2
S0~ 0L ] 010 (1) sz @ 0)]0) = 0 (B2)
00; "0z

i=

Substituting the general form of the three-point function in (B.2) we obtain:
Az = Az, Ay = Ay (B.3)

Before we continue, it is convenient to introduce some notations concerning the superdifferential

operations we use. We define:

g ) 1 i _
L=z = (= 1)z —"[A + 565 +%9 } —i—%n(n—l) n=lg.g,
jfz =z " [Ql + ézi — Qii — 27”LZ~_1A¢(9¢§Z}
i 20; " 90, i (B4
Ag lopr 0 0 —r— —r— d .
Gi = 22 [ﬁ‘gia] +(r—1/2)20; + @)z 20+ (r — 1/2)z; 1/299%
S e N B —r—1/25 —r=1/2, 5 0
G = 2 [aei 928%] = 1/2)QA = Q) i (r =127 ol

The conditions coming from the null hwv at level one and relative change zero have been

discussed in the main body of the paper. At level 3/2 and relative change 1 the null hwv is

X = [(B5 = D) gja + (1 — La)C1ja] 185, Q) (B.5)
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implying the following equations for the three point function

2 2
Q3
[(Ag - Z Gyp + Z S (- L )G{/,Z] (0] @1 (21) P2 (22)P3(0)|0) = 0
which give after substituting the three-point function in:

(243 — Q3)(A12 — A12) +2(Q2 + Ag3)(A13 — A13) =0

Finally at level 5/2 and relative change 1 the differential equation is:

2 2

2
(2003 = Q3+ 4)(205 — 2Q; +3) Z — 3205~ Qs +4) D" Ghp(2H]

+A] (0101 (21)@2(22)23(0)]0) = 0

where
2

2
[\52 /22[2A3—2Q3+3)(2L] 3JJ)+12JJ+Z{ 6LiLk

j=1
F12J{JE — 18T LE + 365 ,G1 0 |
implying the following set of conditions

(Arz — A13)[(2A3 — Q3)(2A3 — 2Q3 — 3) — 3(A13 + 1)(2A3 — Q3 — 2)
—6(Q1 — 1)(243 — Q3) — 3(Q1 — 1)(243 — 203 — 1)
— (203 — 2Q3 + 3)(2A13 + 2A1 + 3) + 6(Ags + 1)(Ags + 2)
+18(Q1 = 1)(Ar3 +1) +12(Q1 — 1) + (241 + Q1)
x [2(2A3 — Q3)(2A3 — 2Q3 — 3) — 3A13(2A3 — Q3 — 2) — 6(Q1 — 1)

x (243 — Q3) — 3(A13 + A13)] =0
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(Agg — A12)[— (243 — Q3)(2A3 — 2Q3 — 3) + 3A13(2A3 — Q3 — 2)
+6(Q1 —1)(2A3 — Q3) + 3(A13 + A13)] + (A13 — As3)
X [~3(2A3 — Q3 — 2)Aag — 6Qa(2A3 — Q3) + 2A12(2A3 — 2Q3 + 3)
~ 3(Aag + Asg) + 12803(Agz + 1) + 18Qa(Agz + 1) + 18(Q1 — 1) 50
X Aoz 4+ 24(Q1 — 1)Qa] + (2A1 + Q1)[—3A93(2A3 — Q3 — 2)

—60Q2(2A3 — Q3) — 3(Ag3 + A23)] =0

(A12 — A12)[—(2A3 — Q3)(2A3 — 2Q3 — 3) 4+ 3A23(2A3 — Q3 — 2) + 602
X (2A3 — Q3) + 3(Aaz + Agz)] + (A3 — A13)[—3Q2 (B9
B.9¢
(283 — 205 — 1) — 2(283 — 205 + 3)(As + Agg) + 6A03(Asz + 1)

+ 18Q2A23 + 12@% + 3(A23 + Agg)] =0

(A2 + A12)[—(2A3 — @3)(2A3 — 2Q3 — 3) + 3A13(2A3 — Q3 — 2)
+6Q1(2A3 — @3) + 3(A13 + A13)] + (A3 — A23)[—3Q1
(B.9d)
(2A3 —2Q3 — 1) — 2(2A3 — 2Q3 + 3) x (A1 + Ay3)

+ 6A13(A13 + 1) + 18Q1A13 + 12@% + 3(A13 + Alg)] =0

(Agz — A23)[(2A3 — Q3)(2A3 — 2Q3 — 3) — 3(2A3 — Q3 — 2)(Agz + 1)
—6(Q2 — 1)(2A3Q3) — 3(Q2 — 1)(2A3 — 2Q3 — 1)(2A3 — 2Q3 + 3)
(2A23 +2A9 + 3) + 6(Ag3 4+ 1)(Agz +2) + 18(Q2 — 1)(Agz + 1)
+12(Q2 — 1)%] + (242 + Q2)[2(2A3 — Q3)(2A3 — 2A3 — 3) (59
—3A23(2A3 — Q3 — 2) — 6(Q2 — 1)(2A3 — Q3)

— 3(A23 + A23)] =0
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(A12 + A12)[— (243 — Q3)(2A3 — 2Q3 + 3) + 3A23(2A3 — Q3 — 2) +6(Q2 — 1)
(2A1 — Q3) + 3(A23 + Az3)] + (242 + Q2)[-3A13(2A3 — Q3 — 2)
—6Q1(2A3 — Q3) — 3(A13 + A13)] + (A23 — A23)

[—3A13(2A3 — Q3 — 2) — 6Q1(2A3 — Q3) + 2A12(2A3 — 2Q3 + 3)

(B9f)

+ 12A13(A23 + 1) =+ 18Q1<A23 + 1) + 18A13(Q2 — 1)
+24Q1(Q2 — 1) —3(A13+ A13)] =0
The null hwv at level ngeZ™ + % and relative change —1 are obtained from those with
relative change 1 by making the following substitutions: J, — —J,,G, < G, and Q — —Q.

Consequently the conditions derived from the three-point function are those of relative change

1 with the additional substitution Q; — —Q;, A;j — —A;;.
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Appendix C

In this appendix we present a heuristic justification of the “fusion rules” obtained for the
N S-sector in section 4, and we extend it to derive also the fusion rules for the R- and T-sectors
of the N = 2 algebra. We make use of the unitary construction of these representations using

free fermions, [17].

In order to achieve this goal, n SU(2) doublets with U(1) charge zero and an SU(2) singlet
with U(1) charge +1 are used. They are hw irreducible representation of the SU(2) x U(1)
affine algebra. The central change of the N = 2 algebra constructed this way turns out to be
c=1- niw and the U(1) current is given by J3(z)—I(2), where I(z) is the U(1) generator of the
SU(2) x U(1) affine algebra. The hwv are constructed out of the modes ¢" /9 of the fermions
acting on the vacuum, and we can multiply at most n of them so that the SU(2) isospin of the
generated states can take the values [ = 0, %, 1,...,5 while the third component takes the usual

values —1 <l3 <1
The dimensions and U(1) changes of the corresponding hwv’s are:

I(1+1)—13 213
A= "7 B 0=_""_ 1
n+2 Q n+2 (C1)

The above are hw irreducible representations of the affine algebra and they are all integrable.

Their operator product rules are the same as in the SU(2) Lie algebra case:
l/
(I1,m1) ® (g, ma) = Z (I,m1 + ma) (C.2)

1=l —Is|

where I = min(%, Iy —l2), and the upper truncation is due to the integrability requirements, see

for example, [24].

Now in order to make contact with the parametrization used in section 3, 4, we set m =

n+2, j=1l+I03+1/2, k=1-1I3+1/2. Then (C.2) reduces to the “fusion rules” (4.21).

This “derivation” can be applied to the R-sector as well giving the same fusion rules as in

the NS sector.
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In the T-sector a similar construction can be made, [17], using twisted fermions generating
a twisted SU(2) x U(1) affine algebra. Only J? has integer modes and the dimensions of the

hwv of the N = 2 algebra are given by:

A= ¢ + j% (C.3)
8 4(n+2) ‘
in terms of the eigenvalues jo of Jo, 5 <jo < 5

To make contact with our notation in section 3 we have to identify: 2jo = m — 2r. The

fusion rules for the T-sector then, are:
[r1] ® [r2] = [r] (C.4)

Wherer:m—i—rg,ifn—i—rzg%orr:rl—l—rg—%ifr1+7"2>%.

There is no rigorous proof that the above constructions do indeed generate the hwv of the

degenerate representations. In that sense the derivation above is heuristic.
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Appendix D

In this appendix we construct the components of the primary superfields of the ¢ = 1/3 N =
2 superconformal system (NS sector) using a single ¢ = 1 scalar field. We use these operators
to give an alternative calculation of the four-point function (5.8) which was computed in the

main body of this paper.

We consider a scalar field ¢(z) with a two-point function given by:

(016(:)8(w) |0) = —In(z — w) (D.1)

We define the standard energy momentum tensor 7'(z) = —% : 0,00, ¢ : satisfying:

1 2T (w OwT (w
b ) STt

T(z)T(w) =

+ nonsingular terms (D.2)

(z —w) (z —w)

A vertex operator defined by V,(z) =: ¢®?(%) : has dimension A, = %2:

Vi (w Ow Va(w
AT

| S,

T(z)Vy(w) = + nonsingular. (D.3)

(z —w) z—w

In this system the N = 2 superconformal algebra is realized by T'(z) and, [15],

J(2)

% 0.0(2), G(z)=/2/3: V3 . G(2) = \/2/3: e V3 . (D.4)
We can evaluate operator product expansions of vertex operators using the familiar formula:
Va(2)Vy(w) = (2 — w)® : la?(Z)+ibo(w) . (D.5)

by expanding the second exponential around z = w and keeping the singular terms. Since:

we can easily establish that T'(z), G(z), G(z) and J(z) satisfy the standard N = 2 supercon-

formal algebra (2.14) or (2.25) with ¢ = 1/3.
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Candidates for the lowest components of the primary superfields ¢4 (z) with dimension 1/6

and charge +1/3 are the vertex operators:
b+ (2) =: evidl?) Looo—(2) = e V3% . (D.7)

which by (D.3) and (D.6) have the correct dimension and U(1) charge. We have now to find the

superpartners of ¢1. Using the relations (3.6) in component form we have that:

G(2)p+(w) = '(i%@l)w) + nonsingular (D.8a)
G(2)p+(w) = fi_(tzj) + nonsingular. (D.8b)

Applying (D.8a,b) to (D.7) we find

Pr(2) =0, Pi(z) = /2/3: e Vit

-(:)= V2359 () =0 (D.9)
Using then:
G(2)Yx(w) =0, G(2)yx(w) =0
G(2)Yx(w) = 2A + Q) (ji(gz + 8“;%52”) + gj_(lfj
Glpbsw) = (20 - Q) 21 o et _ o-l) (D10
we find that they are satisfied if: g4 (2) = 0,04+ (2) and g_(z) = —0,0_(2).

The fact that one of the fermionic components is zero and the fourth component is a
descendant of the first component explains the group theoretic result, [12], that the family
(A = %, Q = j:%) decomposes to the N = 1 family with A = % and half the apparent degrees

of freedom.
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This means, using our definition (2.8a,b) that ¢+ are chiral primary operators of opposite
chirality. In fact, looking at (3.11) we can establish that any primary superfield, degenerate
at ng = £1/2, is chiral in the sense of (2.8a,b) and thus contains half the apparent degrees of

freedom.

Computing correlation functions of & and ®_ is now trivial. Using:

(0] Vay (21)Va (22) - .- Vi, (20) [ 0) = [ (i) 6 (Z ai> (D.11)

1<J

We can evaluate the different components of (5.8). Such a correlation is non-zero only if > . a; =
0, otherwise IR divergences force it to vanish. Such a calculation has been performed for the

four-point function and as expected it agrees with the result (5.8).
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Figure Captions

Fig.1: Operator content of the ¢ = 1/3 minimal system (N S-sector) (the first entry is the di-
mension of an operator the second its change).

Fig.2 : Operator content of the ¢ = 1/2 minimal system (NS sector).
Fig.3 : Operator content of the ¢ = 2/3, N = 1 minimal system.

Squares represent operators belonging to the NS sector, whereas circles represent those in
the R-sector. The full squares and circles indicates the N = 2 subsystem of ¢ = 1/3.
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