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ΟΜΑΔΑ ΑΣΚΗΣΕΩΝ 1
(HOMEWORK SET 1)

[image: image1.png]1. Planar and acyclic graphs: Here are three small graphs, one undirected, another directed, and
the third bipartite:
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Draw figures showing the following:

(i) that graph (a) is not planar;
(i) that graph (b) is not eyclic;
(iii) the bibliographic coupling graph of (b);

(iv) the two one-mode projections of (c).




[image: image2.png]2. Betweenness centrality for a tree: Consider a regular binary tree, that is, a tree with constant
branching ratio 2 and hence constant degree 3 for all vertices other than the root and the leaves:

Let y be the height of a vertex up the tree with the leaves having height 0. Let ¥ be the height of
the root.




[image: image3.png](i) How many vertices are there in the tree in all as a function of ¥?
(i1) Consider a vertex A at height y. How many vertices are directly below A in the tree, in-
cluding A itself? (Here “below” means that you would have to pass through A to get to them
from the root.) How many geodesic paths between pairs of those vertices does A lie on, again
including paths to and from itself?
(iti) Hence what is the betweenness centrality of the root node as a function of ¥? And as a
function of the size 1 of the network?

The root node has the highest betweenness in this network and increases about as fast as possible,
given that there are O(n?) total geodesic paths on a tree of 7 vertices. Similar results are found for
many non-tree-like networks as well. This is why betweenness is such a good discriminator for
centrality—there is a big difference between the highest and lowest scores in the network.




[image: image4.png]igenvector centrality: Here is a famous network from the field of social network analysis:
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In this network the vertices are influential families in 15th century Florence, and the edges rep-
resent intermarriage between families (Padgett and Ansell (1993) American Journal of Sociology
98, 1259-1319).

(i) Which vertex has the highest degree centrality? And which the second highest?

(it) Using your favorite calculator software (c.g., Matlab or Mathematica) find which vertex has
the largest eigenvector centrality. Which comes second?

(iii) Give a (one sentence) explanation of the apparent conflict between the answers to (i) and (ii).
The Medici dominated Florentine trade for most of the latter part of the 15th century. It is believed

that their dominance arose primarily through skillful manipulation of their network of social con-
tacts.




ΟΜΑΔΑ ΑΣΚΗΣΕΩΝ 2

(HOMEWORK SET 2)

ΑΣΚΗΣΗ 2.1

[image: image5.png]Here are the results of the in-class social network questionnaire. I included only those people who filled
in a form and were named on the form. (Apologies to those I omitted.)

number  name numbers of the people they know

T Acton 6,10, 16,17

2 Allen 3,14,15

3 Anderson | 2,14,15

4 Belding 7.9

5 Gastner 4,6,7,9,10,12,13
6 Hansis 5,10

7 Hassmiller | 4,9, 10, 12, 18

3 Helfstein 1

9 Koelle 47,15

10 Leicht 1,5,6,7,12,16,17
11 Menning 3

12 Park 5,10,18

13 Radev 5,18

14 Shrestha 2,3,15
15 Stein 2,3,4,9, 14
16 Strycker 1,6,10, 17
17 Waddell 1,6,10, 16
18 Wu 7,12,13

If it's more convenient, you can also download the same info as a computer file from:
http: //wiw-personal.unich.edu/ mein/courses/2004/cscs535/classnet . dat

1. Construct the adjacency matrix for the network. Call this A. Now construct the symmetrized
adjacency matrix S, with elements Sij = 1 if there is either a link from j to i or from i to j and
zero otherwise. Draw a picture of the symmetrized network using any means you like (pencil and
paper, graph drawing software, paper clips and rubber bands, whatever).

2. Ttwill be most easy to o the following calculations using a computer—you can feed the adjacency
matrices into Mathematica, Matlab, Octave, Maple, etc. and then have the machine do most of the
work for you. However, it is also possible to do all of these calculations by hand. So, find the
following:

(i) The numbers 7 and m of vertices and edges in the directed and undirected networks.

(if) The degree centrality of each vertex in the symmetrized network. The in-degree of each
vertex in the directed network. List the top three individuals for each. Which do you think is
a better measure of influence and why?

(iii) The PageRank centrality of each vertex in the undirected and directed networks with 0. =
0.85. List the top four for each. Comment briefly on what you sce.

(iv) The strongly connected components of the directed network. Describe briefly how you found
these.

(v) The clustering coefficient C for the undirected network.




[image: image6.png](vi) The local clustering coefficient C; for each vertex in the undirected network. Make a scatter
plot of C; against the degree k; of the vertices (i.e., a plot with axes for C; and k; and  dots at
the points corresponding to the 1 vertices).

(vii) The reciprocity of the directed network.

ca credit: The following will require the use of network analysis software such as UCInet or
Pajek. You can get 100% on this problem set without doing them. Still, it might be worthwhile
learning to use the software if this is the sort of thing you m

(i) Calculate the betweenness centrality for each vertex in the undirected network and list the
top three winners in this case.

(if) Caleulate the mean vertex—vertex distance (mean closeness) between connected vertex pairs
in the network.




1 Acton

6 10 16 17

2 Allen

3 14 15

3 Anderson
2 14 15

4 Belding
7 9

5 Gastner
4 6 7 9 10 12 13

6 Hansis
5 10

7 Hassmiller
4 9 10 12 18

8 Helfstein
11

9 Koelle
4 7 15

10 Leicht
1 5 6 7 12 16 17

11 Menning
8

12 Park

5 10 18

13 Radev
5 18

14 Shrestha
2 3 15

15 Stein
2 3 4 9 14

16 Strycker
1 6 10 17

17 Waddell
1 6 10 16

18 Wu

7 12 13

ΑΣΚΗΣΗ 2.2
[image: image7.png]species is preyed on by species is preyed on by
0 phytoplankton 6.7.10, 11, 12,21, 22,33 | 17 crustacean deposit leeder | 18,24, 23, 26, 28,31

1 bacteria in suspended poc | 6,7,8,10,11,12,21,22, | I8  blue crab 32

2 bacteriain sediment poc | 13, 14, 15,16, 17 19 fish larvae

3 benthic diatoms 16 20 alewife and blue herring | 32

4 free bacteria 5 21 bay anchovy 26,27,29,30,31,32

5 heterotrophic microflagel | 6 22 menhaden 20,31,32

6 ciliates 7.8.10,11, 12 23 shad

7 zooplankton 89.19.20,21,22,23 | 24 croaker

8 ctenophores 9 25 hogchoker

9 seanettle 26 spot 29

10 other suspension feeders | 18 27 white perch

11 mya arenaria 28 catfish

12 oysters 29 bluefish

13 other polychactes 30 weakfish 31

14 nereis 18,24,2 31 summer flounder

15 macoma 18,26 32 striped bass

16 meiofauna 33 dissolved organic carbon | 4

1. Food webs and trophic levels: The table above gives the adjacency list for the food web of

predator-prey interactions between marine (i.e., salt-water) species in the Chesapeake Bay, a large
tidal bay on the Eastern Seaboard of the United States (D. Baird and R. E. Ulanowicz, The seasonal
dynamics of the Chesapeake Bay ccosystem. Ecological Monographs 59, 329-364 (1989)). You
can also download the same data from here:

http://www-personal.umich.edu/ mejn/courses/2004/cscs535/ chesapeake .adj

which might save you some typing time.

(i) Calculate the eigenvalues of the adjacency matrix. Hence make a statement about whether

this food web is cyclic or acyclic.

(if) The standard way of calculating trophic levels is to assign to each species a trophic level

equal to the mean of the trophic levels of their prey, plus 1. Derive an expression for the
vector x of trophic levels in terms of the adjacency matrix A. The expression you get should

involve the directed graph Laplacian D — A, where 1 is the diagonal matrix of in-degrees.
This expression does not work for autotrophs—species with no prey. Such species are usually

given trophic level 1. Suggest a modification of your method that will correctly assign trophic
levels to these specics, and hence to all specics.

(iii) Apply your formula to the Chesapeake Bay network and calculate the trophic levels. Which

species is at the top of the food chain (ie., has the highest trophic level)?




0 phytoplankton 8 [ 6 7 10 11 12 21 22 33 ]

1 bacteria_in_suspended_poc 8 [ 6 7 8 10 11 12 21 22 ]

2 bacteria_in_sediment_poc 5 [ 13 14 15 16 17 ]

3 benthic_diatoms 1 [ 16 ]

4 free_bacteria 1 [ 5 ]

5 heterotrophic_microflagel 1 [ 6 ]

6 ciliates 5 [ 7 8 10 11 12 ]

7 zooplankton 7 [ 8 9 19 20 21 22 23 ]

8 ctenophores 1 [ 9 ]

9 sea_nettle 0 [ ]

10 other_suspension_feeders 1 [ 18 ]

11 mya_arenaria 2 [ 18 25 ]

12 oysters 0 [ ]

13 other_polychaetes 5 [ 24 25 26 27 28 ]

14 nereis 6 [ 18 24 25 26 27 28 ]

15 macoma 2 [ 18 26 ]

16 meiofauna 0 [ ]

17 crustacean_deposit_feeder 6 [ 18 24 25 26 28 31 ]

18 blue_crab 1 [ 32 ]

19 fish_larvae 0 [ ]

20 alewife_and_blue_herring 1 [ 32 ]

21 bay_anchovy 6 [ 26 27 29 30 31 32 ]

22 menhaden 3 [ 29 31 32 ]

23 shad 0 [ ]

24 croaker 0 [ ]

25 hogchoker 0 [ ]

26 spot 1 [ 29 ]

27 white_perch 0 [ ]

28 catfish 0 [ ]

29 bluefish 0 [ ]

30 weakfish 1 [ 31 ]

31 summer_flounder 0 [ ]

32 striped_bass 0 [ ]

33 dissolved_organic_carbon 1 [ 4 ]

ΟΜΑΔΑ ΑΣΚΗΣΕΩΝ 3

(HOMEWORK SET 3)

ΑΣΚΗΣΗ 3.1

[image: image8.png]4. Spectral biscction: Here is a famous graph from the social networks literature:

It represents friendships between students at a karate club at a US university (W. W. Zachary,
An information flow model for conflict and fission in small groups. Journal of Anthropological
Research 33, 452-473 (1977)). You can download the adjacency matrix for this network from
here:

htt

c$535/karate. ad]

personal.umich.edu/ mein/courses/200

(i) Carry out a spectral bisection of this network. Give the algebraic connectivity of the graph
and the corresponding eigenvector. Thus determine the bisection of the graph.

(i1) During the course of Zacharys study of the Karate club, a dispute arose between the members
and the club eventually split in two. The two factions are shown by the squares and circles in
the figure above. How well do these correspond to the results of your bisection?





DATASET για την Άσκηση 3.1

0 1 1 1 1 1 1 1 1 0 1 1 1 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 

1 0 1 1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 

1 1 0 1 0 0 0 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 0 

1 1 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 

1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 

0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 0 1 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 

0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 1 1 

0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 1 0 0 1 0 1 0 1 1 0 0 0 0 0 1 1 1 0 1 

0 0 0 0 0 0 0 0 1 1 0 0 0 1 1 1 0 0 1 1 1 0 1 1 0 0 1 1 1 1 1 1 1 0 
ΑΣΚΗΣΗ 3.2

[image: image9.png]1. The number of communities in a network: The following file contains the adjacency matrix of
a small undirected network of 32 vertices:
http://www-personal.umich.edu/ mejn/courses/2004/cscs535/groups. adj
Download the file and calculate the spectrum of the Laplacian for the graph. Make a plot or
sketch showing the spectrum. Hence make a statement about how many communities you think

the network contains.





ΑΣΚΗΣΗ 3.3 & ΑΣΚΗΣΗ 3.4
[image: image10.png]2. Hierarchical clustering for a

mall network: Here is a small network which I just made up off
the top of my head:

3 7

(i) Write down the adjacency matrix and use it to calculate the cosine similarity for all 4 x 7 x
6 =21 pairs of vertices. List the similarities in descending order.

(if) Add edges to an initially empty graph of 7 vertices and so construct the dendrogram for
the single-linkage hierarchical clustering of this network. Does the method find the two
(seemingly) obvious communities of the four vertices on the left and the three on the right?

3. Singular value decomposition of a social network: Here is another small network, this one real.
This is the famous “southern women” network of Davis, Davis, and Gardner (1941), which shows
7= 18 women (by name) and m = 14 social events (by date) that they attended in 1936:

The 14 x 18 incidence matrix for the network is here:

http://www-personal.umich.edu/ mejn/courses/2004

scs535/southern. inc

(i) Perform a singular value decomposition to find the groupings of the women (not the events).
Give the complete list of variances for the eigenvectors and the leading eigenvector.

(if) What percentage of the variance in group membership is accounted for by the leading eigen-
vector? And by the leading two? If you were to divide the women into two groups on the
basis of the SVD, what would the two groups be?




DATASET για την Άσκηση 3.2
0 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 1 0 0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 1 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 

1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 1 1 1 1 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 1 1 0 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 0 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 1 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 1 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 1 0 0 0 0 0 1 0 0 0 

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 0 0 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0 

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 1 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 1 1 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0 

DATASET για την Άσκηση 3.4
1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0

1 1 1 1 0 1 1 1 0 0 0 0 0 1 0 0 0 0

0 1 1 1 1 0 1 0 1 1 0 0 1 1 1 0 0 0

1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 1 0 0

1 0 1 0 0 0 0 1 1 1 1 1 1 1 0 1 1 1

0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1

0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0

ΟΜΑΔΑ ΑΣΚΗΣΕΩΝ 4

(θα προστεθούν ασκήσεις)

ΑΣΚΗΣΗ 4.1

[image: image11.png]4. The Internet: The Intemet is found to have a power-law degree distribution py ~ k=%, with
0~2.5.

(i) Make a mathematical model of the Internet using the configuration model with this degree
distribution. Write down the fundamental generating functions Gy and G.

(if) Hence estimate what fraction of the nodes on the Internet you expect to be functional at any
one time (where functional means they can actually send data over the network to each other).




ΑΣΚΗΣΗ 4.2 & ΑΣΚΗΣΗ 4.3
[image: image12.png]1. The small-world model: Consider the version of the small-world model in which one adds short-
cuts to the one-dimensional lattice but never takes any edges away. Let p be the probably per edge
on the underlying lattice of adding a shortcut, so that the expected number of shorteuts is nrp,
where 7 is the maximum range of edges on the underlying lattice. You can assume that 7 < n and
that 1 is very large.

(i) What is the probability that a vertex has degree k?
(i1) How many triangles are there in the network?

(iii) How many two-stars are there in the network, i.., a vertex connected to an unordered pair
of other vertices—count separately every unordered pair for each vertex. (On the midterm
exam you showed that this number is n7(2r — 1) when p =0.) You can assume that p is small
enough that each vertex is attached to only zero or one shortcuts.

(iv) Hence show that the clustering coefficient for this version of the small-world network is

3(r—1)
22r—1)+8rp

in this limit. Confirm that this gives the correct result in the limit p — 0.

N

Generating functions for growing graphs: Recall the rate equation for Price’s model of a citation
network in the limit of large n:

c

P= m[(k* I+a)per—(k+a)p]  (fork >0),
___c

po= C+al’0-

(i) Write down the special case of these equations for c =a = 1.

(i1) Show that the degree distribution generating function g(x) = X py* for this case satisfies
the differential equation

8@ =1+ (= 1)/ (x) +(0)]-

(iti) Show that the function

Yg(x)
) =102
satisfies
22
& -

(iv) Hence find a closed-form solution for the generating function g(x). Confirm that your solu-
tion has the correct limiting values g(0) = po and g(1) = 1.

(v) Thus find a value for the mean in-degree of a vertex in Price’s model. Is this what you
expected?




