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We investigatenumericallyexistenceanddynamicalpropertiesof intrinsic localizationin crystallinesilicon
through the use of interatomicTersoff force fields. We find a band of intrinsic localized modes~discrete
breathers! eachwith lifetime of at least60 psin thespectralregion548–578 cm21, locatedjust abovethezone
endphononfrequencycalculatedat 536 cm21. Thelocalizedmodesextendto morethansecondneighborsand
involve pair central-atomcompressionsin therangefrom 6.1% to 8.6% of thecovalentbondlengthperatom.
Finite temperaturesimulationsshow that they remainrobust to room temperaturesor higher with a typical
lifetime equalto 6 ps.
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In 1988 SieversandTakeno1 suggestedthat nonlinearity
of interatomicforcesin crystalscan lead to vibrational en-
ergy localization in the form of intrinsic localized modes
~ILM’ s! or discretebreathers~DB’s! generatedin theabsence
of any type of disorder. Subsequenttheoreticalanalysisof
this fruitful conceptaddresseda variety of issues2 and in
particularfocusedon DB rigorousexistence,3 mobility,4 ther-
modynamicproperties,5 and classicaland quantum6 model
systems.On thepractical,experimentalside,DB’s havebeen
unequivocally generatedin man-madesystemsof micron
scalesuchasJosephsonjunctions7,8 aswell asMEMS ~Ref.
9! while presently only quasi-one-dimensionalcrystalline
PtCl seemsto presenta clearcandidatefor presenceof DB’s
on a microscopicscale.10 From the purely computational
standpoint only few attemptsweremadesofar aimingat the
numericalinvestigationof intrinsic localization in real sys-
temsthroughab initio or alternativenumericalmethods.11–13

In the presentstudywe performa computationallyintensive
analysisthat detailsthe onsetof intrinsic localizationin one
of themosttechnologicallyimportantmaterials,viz., in crys-
talline silicon, andanalyzesomeof its properties.

Crystallinecarbon,silicon, andgermaniumhavefour va-
lence electronsand form diamond structureswhere each
atomhasfour neighbors.In crystallinesilicon, in particular,
the nearest-neighbordistanceis 2.35 Å with ground-state
~cohesive! energy per atomequalto 24.63eV while its vi-
brationalspectrumhasanupperlimit bandat '536 cm21. A
large number of bulk, surface,as well as nanocrystalline
propertiescan be analyzedcomputationallythroughthe use
of semiempiricalinteratomicpotentialswith adjustablepa-
rametersfitted from theexperiment.In thepresentnumerical
studywe usedalmostexclusivelypseudopotentialsof Tersoff
type14 that follow modifiedMorse laws while incorporation
of environmentaleffects on bonding gives them implicit
many-bodycharacterthat is importantin thestudyof several
group-IV elementproperties.15 Our basicaim is on onehand
to investigatenonlinearlocalizationin bulk materials,while
on theotherto probeat thesametime the regimeof validity
of empirical pseudopotentialsaway from the usual purely
linear regime. Since empirical pseudopotentialsare many
timesusedfrom a linear regimeto melting, it is importantto

study in a controlledfashiontheir featuresin the vast inter-
mediatenonlinear regime. In our computationswe useda
cell consistingof 216atoms.Initially, we calculatedtheden-
sity of statesof the linearizedvibrationalspectrumof Si and
confirmed known results mentionedabove and place the
zone end boundaryapproximatelyat vp5536 cm21; pos-
sible stableILM’ s canhavefrequencieslarger thanvp pro-
vided effective interactionhardeningtakesplacein a range
of large displacementfrom the equilibrium positions.

In the searchfor intrinsic localizationpropertiesin mate-
rials it is important to be able to constructa preciseinitial
statethat formsa breatherstate.We will beusinga truncated
Fourierdomainmethodthathasbeentestedandseento work
well in three-dimensionalmodel systems.16 Since we are
seekingspacelocalized but time periodic lattice solutions,
we considerfor a d-dimensionalsystemof atomstheFourier
expansionof theatomicpositionsRi andforcesFi actingon
the ith atom of massm i in multiples of the breatherfre-
quencyvb ; we thus obtain Newton’s law in the frequency
domain,viz., 2m in

2vb
2R̃i,n5F̃i,n , where tilde denotesthe

transformedquantitiesandthe indexn labelsFouriermodes.
The breatherconstructionalgorithm solves iteratively this
equationby assumingan initial DB frequencyvb

(0) outside
the phononbandaswell asan initial, localizedsetof eigen-
vectors Ri

(0) ; these two enable the first force evaluation
while throughit the first modeeigenvectorfollows. Subse-
quentuseof the latter correctsthe frequency, obtainingthus
vb

(1) . Repetitionof this procedureresultsafterk iterationsto

R̃i,n
(k)

52

F̃i,n
(k)

m in
2~vb

(k21)!2
,

for thefirst nmax Fouriermodesexceptthezerothone,while
the constant zeroth mode follows from the equation
F̃i,0

(k)$R̃i,0
(k)%50. The iterative procedureendswhen there is

convergencefor specificvaluesof vb of the breathereigen-
vectorsR̃i,n .

Using this method we can construct three-dimensional
silicon ILM’ s suchasthe onedepictedin Fig. 1~a!. We note
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that thereare two centralatomswheremost ILM energy is
concentrated,while eachof theseatoms is surroundedby
three first neighboringonesoscillating in phasewith their
oppositeto them centralatom.At larger yet distancesfrom
thetwo centralbreathersitesthereis a layerof secondneigh-
boring silicon atomsthat havesmaller, yet discerniblemo-
tions with the samebreatherfrequency. We notethat motion
practicallyceasesbeyondthis layerof secondneighbors.We
thus have the typical configurationof a discretebreather
thereby having a collection of atoms oscillating with the
sameperiodwhile the amplitudeof the oscillationdropsex-
ponentially as we move away from the central oscillating
sites.Using the stateshownin Fig. 1~a! as initial statewe
performedlong-time evolution of the lattice dynamicsand
confirmedthat this localized coherentoscillating statesur-

vives to the end of the simulation,i.e., hasa lifetime of at
least60 ps,or it lastsmorethat103 DB oscillationperiodsat
zerotemperature@Fig. 1~b!#.

For a moresystematicstudyof the DB propertiesin sili-
con we applied the previousapproachfor variousbreather
periods;the resultsare shownin Fig. 2 wherebreatherfre-
quencyis plottedasa functionof theamplitudeof thecentral
atom.We observea numberof remarkablefeatures;first we
notethat thereis a very small zonestartingat the top of the
phononband to the lowest possiblebreatherfrequencylo-
cated at vb,min5540 cm21 where no breathersare con-
structed.The lack of breathersin this small zonecould be
attributed to the true three-dimensionalnature of the
structure;17 we also note that we find that true breather
modesin the small-frequencyand small-amplitudeside of
thebreatherbandhaveweakerstability comparedto therest.
In whatregardsthespecificbreatherfrequency-amplitudere-
lation we observean initial increasein DB frequencyasthe
amplitudeincreasesindicatingan initial hardeningof bonds
while uponreachinga maximumin thefrequencyvb,max the
frequencydecreaseswith theamplitude.Thepresenceof this
secondbranchin the ‘‘breatherdispersionrelation’’ indicates
theexpectedsofteningof thebondsin thebreatherneighbor-
hoodat evenlarger amplitudes.

The dynamical reasonsfor this distinct behaviorof the
intrinsically localizedsilicon modesarisefrom the potential
energy of the modecentralatomsaswell asthe specificsof
the eigenvectorsof eachatom constitutingthe ILM. Indeed
the natureof the pseudopotentialsusedin conjunctionwith
the specificdiamondstructureof the silicon crystal appears
to inducea hardeningof theeffectivebreatherpotentialthat,
however, getssoftenedat larger deviations.This tendencyis
imprintedin thechangeof thefirst neighboreigenvectorsfor
breatherswith different central-atomdifferencesand fre-
quencies.

Indeed,the eigenvectorsfor threeextremebreatherstates
of the breather band, viz., ~i! the breather with vb
5540 cm21 and lower central amplitude,~ii ! the breather
with thehighestpossiblefrequencyvb5578 cm21, and~iii !
thebreatherwith vb5540 cm21 but largercentralamplitude
are quite different.While in all threecasesthe direction of

FIG. 1. ~a! Numericallyaccuratediscretebreathergenerationin
silicon modeledby Tersoff potentials.The breatherfrequencyis
vb5578 cm21 while vectors~magnifiedfor visualizationpurposes!
denoteatomicdisplacementsfrom equilibrium; only first ~gray, red
on line! andsecond~white! neighborsto thecentral~black,blueon
line! two breatheratomsare included.The distortion of the two
centralbreatheratomsis a50.18Å. ~b! Timeevolutionof thesili-
con breatherstateafter 998 breatherperiods.We plot the absolute
valueof the displacementsfrom equilibrium alongthe directionof
motionof eachatom.We notethecoordinatedoscillationof central
~solid!, first ~dotted!, andsecond~dashed! neighboratoms.

FIG. 2. ~a! Breatherfrequencyasa function of distortionof the
centralatoms(d52.35Å) . Dashedline correspondsto the upper
limit of phononband.
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thecentral-atomeigenmodedoesnot change,in thefirst case
~i! the first and secondneighboratom eigendirectionsare
approximatelyparallel to the onedefinedby the centraltwo
atomswhile astheamplitudeincreasesandwe movetowards
breathers~ii ! and~iii !, this directionbecomescloserto being
perpendicularto it. As a result we observethat the lower
branchof the DB frequency-amplitudecurve is dominated
by angularmotion of the secondandthird neighborsresult-
ing in the formation of an effective cageby the first and

secondneighborsfor thecentralatomsleadingto bondhard-
ening. This cage is progressivelyremoved in the second
branchleadingto aneventualsofteningof thebondsandthe
remarkablefrequencydegeneracyin the breatherstates.We
notethatthebreatherswith frequencydegeneracyfoundhere
have distinct eigenstatesthat differ particularly in the first
and secondneighborswhile, additionally, have completely
differentenergies.All breathersfoundin this rangearestable
as we have verified through substitution of the initial
breatherstatein thedynamicalequationsof motionandsub-
sequentmonitoring of the time evolution. However, while
breathersin the rangev*550 cm21 havea lifetime over60
ps we found that for breatherswith v&550 cm21 lifetime
reducesby almostan orderof magnitude.

Having studied the onset of localization in the purely
Hamiltoniancase,we now turn our attentionto theDB prop-
ertiesat finite temperatures.To this effect we considerour
silicon lattice model with kinetic terms thermalizedto a
given temperatureT and superimposeon it our precise
breatherstatefound in the way outlined above.We evolve
thesystemin time andmeasurethedecaytime concentrating
primarily in the central two silicon atoms.In order to take
into accountthe statisticalfluctuationsof the processwe re-
peat this procedureseveraltimes to constructa histogram
describingthe probability of breatherdecayasa function of
time, suchasthe oneshownin Fig. 3~a! for T5300 K. We
notethatthebreatherdecaydistributionis not a Gaussianbut
has Gaussianfeaturesalthough it has a clear tail at long
times;it canbefitted by a power-law distributionof theform
A0x4/@(x2A1)8

1A2#, with A0 , A1, and A2 appropriate
constants.Due to the specific power-law-like shapeof the
distributionwe chooseto defineasbreatherlifetime the time
associatedto the mode,i.e., the most probablevalue of the
distribution, that, in the depicted case is equal to tb
56.1 ps.

Clearly, the breatherlifetime for each temperaturede-
pendson the specificbreatherstudied.In Fig. 3~b! we plot
the breather lifetime at T5300 K as a function of the
breatheramplitudeof the central atoms;we note that DB
lifetime increaseslinearly with centraldisplacementor fre-
quency, indicating that, oncegenerated,the more energetic
breatherssurvive longer. Systematicstudy in the way pre-
sentedpreviously of the breatherlifetime as a function of
temperatureresultsin the curve of Fig. 3~c! that appliesto
breathersin the centerof the breatherband.We note that
althoughthe DB lifetime decaysto '2 ps at temperatures
800 K and higher the statedoesnot completelydisappear
evenat 1500K. We find thus that breathersoncegenerated
arevery robustto temperaturefluctuations.

In addition to silicon we performedsimilar studies to
othervalence-fouratomicmodels,viz., thoseof germanium
and carbon.For germaniumwe found analogousbehavior,
viz., existenceof a breatherbandabovethephononzoneend
separatedby a small breathergap. In the caseof carbon,
however, we were not able to constructbreathersin a way
similar to that of silicon and germanium.We evaluatednu-
merically the interactionenergy of the centraltwo atomsas
function of distanceand found that while in the caseof Si

FIG. 3. ~a! Probability distribution ~unnormalized! of breather
lifetime at T5300 K. ~b! Breatherlifetime as a function of distor-
tion of the centralatomsat T5300 K. ~c! Breatherlifetime as a
function of temperature.For ~a! and ~c!, the breatherfrequencyis
vb5578 cm21 andcorrespondsto thetop of thebreatherband~see
Fig. 2!.
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andGethis energy differsvery little in thecaseof C thereis
a substantialincreaseby more than 100% in the regions
wherebreatherscould form. Thus,althoughwe alsoobserve
a bondhardeningfor C, thereasonfor no breatherformation
may be linked to the fact that the much larger effective
intercarboncouplingmovesthesystemawayfrom theregion
of the anticontinuouslimit where breatherscan exist,18

and as a result doesnot enablethe formation of localized
modesin this spectralregion. In order to test the validity
of Tersoff results away from the linear regime we also
checkedthe possibility for breathermodeconstructionusing
other semiempiricalforms for silicon.19,20 Due to the fact
that thesepotentialsare either soft19 or lead to essentially
linearpair atomicforces20 in the regionsof interestno long-
lived stablebreathermodescould be constructed.In what
regardsfinally experimentalrealizationsof intrinsic localiza-
tion, our findingswould be compatiblewith a k50 phonon
optic-modelocal hardeningin sometemperaturerange.Al-
thoughRamanspectrain crystalline21 and nanocrystalline22

Si show a generalmode softeningwith temperature,some
small but discernibledeviationsthat are notedespeciallyin
the nanocrystallinecasewherethe effective systemnonlin-

earity is substantiallyenhancedmay be connectedwith our
findings.

In conclusion,we havepresenteda computationalanaly-
sisof nonlinearlocalizationin diamondstructuresof silicon,
germanium,andcarbonusingTersoff potentials.For thefirst
two elementswe found a breatherbandabovethe phonon
band while for carbon no such band was identified. Fre-
quencydegeneracyin breatherswasfound dueto the effec-
tive formationof a breathercagefrom the secondandthird
neighboratomsthat leadsin the specificpseudopotentialsto
an effective potential hardeningin a limited rangeof dis-
tances.The breatherlifetime at finite temperatureswas cal-
culatedandfound to be of order6 ps at T5300 K whilede-
caysto '2 ps at temperatureshigher than 800 K. We note
that we werenot able,however, to constructbreathersusing
other standardpseudopotentialsand, as a result, further in-
vestigationsare neededboth in assessingthe regimeof va-
lidity of pseudopotentialsin the nonlinearregimeaswell as
the actual experimentalrealization of nonlinear localized
modesin valence-IVsemiconductors.
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